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Preface

NEC–4 is the latest version of The Numerical Electromagnetics Code — Method of Mo-
ments that has been developed at the Lawrence Livermore National Laboratory, Livermore,
California, under the sponsorship of the U.S. Army, ISEC and CECOM, the Naval Ocean
Systems Center and the Air Force Weapons Laboratory. The development of the version
NEC–4 was sponsored by the U.S. Army ISEC at Ft. Huachuca, AZ. The NEC Method of
Moments code started as an advanced version of the Antenna Modeling Program (AMP)
developed in the early 1970’s by MBAssociates for the Naval Research Laboratory, Naval
Ship Engineering Center, U.S. Army ECOM/Communications Systems, U.S. Army Strate-
gic Communications Command and Rome Air Development Center, under Office of Naval
Research Contract N00014-71-C-0187.

The documentation for NEC–4 consists of three volumes:

Part I: NEC Program Description — Theory
Part II: NEC Program Description — Code
Part III: NEC User’s Guide

The documentation for successive versions of NEC has been prepared by updating manuals
for previous versions of the code, starting from AMP. In some cases this led to minor changes
in the original documents, while in many cases major modifications were required.

Over the years many individuals have been contributors to AMP and NEC, and are
acknowledged here as follows:

R. W. Adams K. K. Hazard E. K. Miller
M. J. Barth W. A. Johnson J. B. Morton
H. Bosserman D. L. Knepp G. M. Pjerrou
J. K. Breakall D. L. Lager A. J. Poggio
J. N. Brittingham A. P. Ludwigsen E. S. Selden
G. J. Burke R. J. Lytle R. W. Ziolkowski
F. J. Deadrick

Special mention is due to E. K. Miller who has provided the main driving force behind
the development of the code and modeling techniques since the development of the code
BRACT which preceded AMP. A. J. Poggio has also made major contributions to the code
development and documentation throughout the development of NEC. Dr. W. A. Johnson
provided valuable assistance in validating the model for wires penetrating the ground and
the basic Sommerfeld integral evaluation, and Dr. R. W. Ziolkowski provided assistance and
guidance in developing the asymptotic approximations for the field near ground.
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The development of NEC has also benefitted greatly from suggestions and guidance from
individuals at the sponsoring agencies. Particular mention is due to J. Logan, J. W. Rockway
and S. T. Li at the Naval Ocean Systems Center and J. McDonald and R. Franklin at ISEC,
Ft. Huachuca AZ.
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1. Introduction

The Numerical Electromagnetics Code (NEC) — Method of Moments is a computer
program for analyzing the electromagnetic response of antennas and scatterers. The code
is based on the numerical solution of integral equations by the method of moments, and
combines an electric-field integral equation for modeling thin wires with a magnetic-field
integral equation for closed perfectly conducting surfaces. This manual specifically describes
the NEC–4 program which is the latest in a series of NEC-MoM programs, and includes a
number of changes to improve modeling accuracy. Other versions of NEC currently in use
include NEC–2, which can model wire structures in free space or over finitely conducting
ground, and NEC–3 which is the same as NEC–2 but can also model wires buried in the
ground or penetrating from air into ground.

These codes offer a number of features for modeling antennas or scatterers and their
environments, including excitation by voltage sources or plane waves, lumped or distributed
loading, and networks and transmission lines. The code output includes current distributions,
impedances, power input, dissipation and efficiency, and radiation patterns and gains or
scattering cross section. The model description and instructions for running the code are
generally entered as commands read from an input file, although independent pre- and post-
processors have been developed to streamline this process [1].

The modeling algorithms in NEC–4 have been revised to avoid loss of precision when
modeling electrically small structures. The single-precision (32-bit) code will now give ac-
curate results for many electrically small models that would have required double precision
with NEC–3 or earlier codes. Also, a new treatment is used for wire radius and junctions
for accurate modeling of stepped-radius wires and junctions of tightly coupled wires. Some
other minor features have been added for convenience in modeling, and the insulated-wire
model, that was available in a special version of NEC–3, is now included in the standard
NEC–4 code. Also, the code structure has been extensively revised, with more use of Fortran
77 constructs, to make it more modular and easier to understand and maintain.

NEC–4 and earlier versions of NEC have been used to model a wide variety of anten-
nas and scatterers including antennas in complex environments such as ships and aircraft.
However, since the computer time and resources required by the moment-method solution in-
crease with increasing size of the model relative to the wavelength, the solution may become
difficult or impractical for large structures at high frequencies. The approach used in NEC
is most applicable to the types of problems encountered at HF, VHF and lower frequencies.
Problems such as a UHF antenna on a surface, or even a VHF antenna on a large aircraft
may be handled better with other techniques such as the GTD approach used in the NEC
Basic Scattering Code [2]. Also, finite difference codes [3] may be better suited to problems
involving volumes of many cubic wavelengths or for interior coupling problems.

This manual describes in detail the mathematical and numerical techniques used in
the NEC–4 program for modeling antennas and scatterers. A brief review of the integral
equations and the method of moments technique for solving them is included in sections 2
and 3, but these topics are not considered in general terms. The reader is referred to [4] for
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details on the derivation of the integral equations and to [5] for a comprehensive discussion
of the method of moments. There are also a number of other sources that cover these topics.
Persons wanting to learn to use NEC should start with the NEC–4 User’s Guide, Part III
of the NEC documentation. Part II, the Code Manual, contains detailed descriptions of the
coding of subroutines in NEC–4 and information on the overall code structure, and will be
of interest to persons wanting to modify or extend the code.

The code NEC–4 is the latest in a series of antenna modeling programs, each of which
has built on the previous one. The first in the series was the code BRACT which was
developed at MBAssociates in San Ramon, California, with funding from the Air Force
Space and Missiles Systems Organization [ 6, 7]. The development of BRACT was based on
the early work of J. Richmond [8, 9] in modeling wires by the solution of a Pocklington’s
integral equation. The three-term sinusoidal current expansion then being employed by Yeh
and Mei [10] in solving Hallèn’s type integral equations was used in BRACT along with
point matching of the boundary condition. BRACT was capable of modeling wire antennas
and scatterers and could include the effect of interaction with a finitely conducting ground
through the Fresnel reflection-coefficient approximation [11]. However, BRACT was used
mainly by its developers.

AMP [12, 13, 14] was the first code released as a tool for use by the general electromag-
netics community. It was developed under Office of Naval Research Contract N00014-71-
C-0187 with funding from the Naval Research Laboratory, Naval Ship Engineering Center,
U.S. Army ECOM/Communications Systems, U.S. Army Strategic Communications Com-
mand and the U.S. Air Force Rome Air Development Center. Like BRACT, AMP solved
Pocklington’s integral equation for thin wires with a three-term sinusoidal current expansion
and point matching. The current expansion was chosen so that the current on a segment,
with the form Ai+Bi sin ks+Ci cos ks, when extrapolated to the centers of the adjacent seg-
ments would coincide with the values of current on those segments. At a junction of several
wires the current was extrapolated to the center of a “phantom segment” whose length was
the average of the connected segments. This extrapolation procedure smoothed the current
distribution along wires, but still left discontinuities in current and charge density.

AMP included options to model lumped or distributed loading on wires, transmission
lines and networks, and was capable of using disk storage for solving problems too large for
the primary computer memory. AMP also had an option so a partially completed solution
could be stopped and saved on a file, and latter restarted. This restart capability has
been dropped from NEC, but is a valuable feature for running large problems. A flexible
input language was developed in AMP for defining the model, selecting calculation options
and requesting specific computations and output data. Perhaps most important, detailed
documentation was written for AMP, consisting of a User’s Manual, Engineering Manual
and Code Manual.

AMP was restricted to modeling thin wires and surfaces represented as wire grids.
However, a later version of the code, AMP–2 [15], included a magnetic-field integral equation
model for surfaces and allowed connection of wires to surfaces using a technique demonstrated
in [16].
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The code NEC–1 was developed from AMP–2 with support from the Naval Ocean
Systems Center and the Air Force Weapons Laboratory. NEC–1 included a new way of
implementing the three-term sinusoidal current expansion so that current and charge density
exactly satisfied continuity conditions imposed at the junctions. The current was forced to
satisfy Kirchhoff’s current law at the junction, and the charge densities on wires were related
to a function of the log of wire radius to provide approximate continuity of potential. NEC–1
also included a bicone model for voltage sources and several other developments for increased
accuracy and efficiency.

NEC–2 [17], developed with support of the Naval Ocean Systems Center, added two
significant new modeling features to the capabilities of NEC–1. The Numerical Green’s
Function option implemented a partitioned-matrix solution so that a solution for a basic
model could be saved on a file. New antennas or other modifications could then be added to
the basic model and the solution obtained without repeating calculations for the part of the
model coming from the file. Also, a solution for wires over a lossy ground was implemented
using the rigorous Sommerfeld-integral approach and a table-lookup algorithm to reduce
computation time.

In NEC–3, which was developed with support of the Naval Ocean Systems Center, the
Sommerfeld-integral ground model was extended to wires buried in the ground or penetrating
from air into ground [18]. Table-lookup, least-squares parameter estimation and asymptotic
approximations were used to reduce computation time. NEC–3 will also model wires or
surfaces in an infinite dielectric or lossy medium.

NEC–4 retains all of the capabilities of NEC–3, with changes and additions to improve
the accuracy and add new features. Techniques to avoid loss of precision with electrically
small models were developed with support of the Naval Ocean Systems Center [65, 66].
The treatment for electrically small loops has not been included in the current NEC–4 but
may be added in the future. The new treatment for stepped-radius wires and junctions was
developed with support of the U. S. Army, ISEC, and the development of the code and
documentation has been sponsored by ISEC.
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2. The Electric and Magnetic Field Integral Equations

The NEC program uses both an electric-field integral equation (EFIE) and a magnetic-
field integral equation (MFIE) to model the electromagnetic response of general structures.
Each equation has advantages for particular structure types. The EFIE is well suited for
thin-wire structures of small or vanishing conductor volume while the MFIE, which fails
for the thin-wire case, is more attractive for voluminous structures, especially those having
large smooth surfaces. The EFIE can also be used to model surfaces and is preferred for
thin structures where there is little separation between a front and back surface. Although
the EFIE is specialized to thin wires in this program, it has been used to represent surfaces
by wire grids with reasonable success for far-field quantities but with variable accuracy
for surface fields. For a structure including both wires and surfaces the EFIE and MFIE
are coupled. This combination of the EFIE and MFIE was demonstrated by Albertsen,
Hansen and Jensen at the Technical University of Denmark [16] although the details of their
numerical solution differ from those in NEC. A rigorous derivation of the EFIE and MFIE
is given by Poggio and Miller [4]. The equations and their derivation are outlined in the
following sections.

2.1 The Electric Field Integral Equation

The form of the EFIE used in NEC follows from an integral representation for the
electric field of a volume current distribution J,

E(r) =
−jη

4πk

∫

V
J(r′) · ¯̄G(r, r′) dV ′ (2-1)

where
¯̄G(r, r′) =

(
k2¯̄I + ∇∇

)
g(r, r′)

g(r, r′) = exp(−jk|r − r′|)/|r − r′|
k = ω

√
µ0ε0 , η =

√
µ0/ε0

and the time convention is ejωt. ¯̄I is the identity dyadic êxêx + êyêy + êzêz. When the
current distribution is limited to the surface of a perfectly conducting body (2-1) becomes

E(r) =
−jη

4πk

∫

S
Js(r

′) · ¯̄G(r, r′) dA′ (2-2)

with Js the surface current density. The observation point r is restricted to be off the surface
S so that r �= r′.

If r approaches S as a limit, (2-2) can be written

E(r) =
−jη

4πk

∫
−
S

Js(r
′) · ¯̄G(r, r′) dA′ (2-3)

where the principal value integral,
∫
-, is indicated since g(r, r′) is now unbounded. The

integral in (2-3) may not exist even in a principal value sense, due to the degree of singularity.
In practice the approximations are generally made to avoid r coinciding with r′.
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An integral equation for the current induced on S by an incident field EI can be obtained
from (2-3) and the boundary condition for r ∈ S,

n̂(r) ×
[
Es(r) + EI(r)

]
= 0 (2-4)

where n̂(r) is the unit normal vector of the surface at r and Es is the field due to the induced
current Js. Substituting (2-3) for Es yields the integral equation

−n̂(r) × EI(r) =
−jη

4πk
n̂(r) ×

∫
−
S

Js(r
′) ·

(
k2¯̄I + ∇∇

)
g(r, r′) dA′. (2-5)

The vector integral in (2-5) can be reduced to a scalar integral equation when the
conducting surface is that of a cylindrical thin wire, thereby making the solution much
easier. This reduction is accomplished by neglecting circumferential current on the wire and
also neglecting variation of the longitudinal current around the wire circumference. The
boundary condition is then enforced on only the axial component of electric field.

In addition, approximations are usually applied in evaluating the integral equation ker-
nel to avoid difficulties resulting from the singularity when r′ coincides with r in (2-5). In
a commonly used form of the thin-wire kernel, the current is located on the wire surface,
while the boundary condition is enforced on the wire axis. This modification has a physical
justification in the extended boundary condition proposed by Waterman [19]. Waterman
noted that due to the analytic continuability of the solution of the integral equation, forcing
the field to vanish over any region within a closed surface is sufficient to make it vanish
everywhere within the surface, and thus on the surface for electric field. Evaluating the
field on the axis removes the singularity and also simplifies the integration, since integration
around the wire becomes trivial when the evaluation point is on its axis. For evaluation
points outside of the wire, the field is commonly approximated by treating the total current
as a filament on the wire surface at a position 90◦ from the direction of observation.

In an alternative form sometimes used for the thin-wire kernel, the total current is
treated as a filament on the wire axis and the boundary condition is enforced on the wire
surface. This procedure has the apparent advantage that the current filament remains con-
tinuous at a bend in the wire or a step in radius, so that point or ring charges are avoided.
However, this approximation of the thin-wire kernel does not produce the correct behavior
of charge at a step in wire radius when used with a continuous current distribution and point
matching. With the current treated as a filament on the axis, the solution tends to converge
with continuous linear charge density across a step in radius, while it is known that more
charge should concentrate on the wire with the larger radius. The point charges that may
occur at a step in radius are generally not a problem in the MM solution. They can be
eliminated by smoothing the current over the annular surface at a step in radius or, with
more difficulty, at a bend. However, as long as current continuity (Kirchhoff’s current law)
is enforced in the current expansion, the field due to inadvertent point charges can simply
be dropped from the evaluation. Also, continuous testing functions or finite-difference eval-
uation of charge will smooth the effect of point charges. The current was located on the wire
axis in NEC–3 and earlier codes, but NEC–4 puts the current on the surface and matches
the boundary condition on the axis.
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Other forms of the thin-wire kernel use approximations of the exact kernel, with current
and field evaluation on the wire surface. A two-term series approximation of the exact kernel
is used as the “extended thin-wire kernel” in NEC-3 and earlier versions. An advantage of
approximating the exact kernel is that the wire can have either open or closed ends, while
ends should be closed when the extended boundary condition is used. The extended thin-
wire kernel is not included in NEC–4, since the thin-wire kernel with closed wire ends was
found to give as good accuracy for thick wires.

With the approximation of an axial current with uniform distribution around the wire,
the surface current Js(r) on a wire of radius a can be replaced by a filamentary current I
where

I(s)̂s = 2πaJs(r)

with s the distance along the wire axis at r, and ŝ the unit vector tangent to the wire axis
at r. Equation (2-5) then becomes

−n̂(r) × EI(r) =
−jη

4πk
n̂(r) ×

∫

L
I(s′)

(

k2ŝ′ −∇ ∂

∂s′

)

g(r, r′) ds′ (2-6)

where the integration is over the length of the wire. Enforcing the boundary condition in
the axial direction reduces (2-6) to the scalar equation

−ŝ · EI(r) =
−jη

4πk

∫

L
I(s′)

(

k2ŝ · ŝ′ − ∂2

∂s∂s′

)

g(r, r′) ds′ (2-7)

Since r′ is now the point at s′ on the wire axis while r is a point at s on the wire surface
|r − r′| ≥ a and the integrand is bounded.

2.2 The Magnetic Field Integral Equation

The MFIE is derived from the integral representation for the magnetic field of a surface
current distribution Js,

HS(r) =
1

4π

∫

S
Js(r

′) ×∇′g(r, r′) dA′ (2-8)

where the differentiation is with respect to the integration variable r′. If the current Js is
induced by an external incident field HI , then the total magnetic field inside the perfectly
conducting surface must be zero. Hence, for r just inside the surface S,

HI(r) + HS(r) = 0 (2-9)

where HI is the incident field with the structure removed, and HS is the scattered field given
by (2-8). The integral equation for Js may be obtained by letting r approach the surface
point r0 from inside the surface along the normal n̂(r0). The surface component of equation
(2-9) with (2-8) substituted for HS is then

−n̂(r0) × HI(r0) = n̂(r) × 1

4π
lim
r→ro

∫

S
Js(r

′) ×∇′g(r, r′) dA′

6



where n̂(r0) is the outward directed normal vector at r0. The limit can be evaluated by
using a result of potential theory [20] to yield the integral equation

−n̂(r) × HI(r0) = −1

2
Js(r0) +

1

4π

∫
−
S

n̂(r0) ×
[
Js(r

′) ×∇′g(r0, r
′)
]

dA′. (2-10)

For solution in NEC, this vector integral equation is resolved into two scalar equations
along the orthogonal surface vectors t̂1 and t̂2 where

t̂1(r0) × t̂2(r0) = n̂(r0).

By using the identity u · (v×w) = (u×v) ·w and noting that t̂1× n̂ = −t2 and t̂2× n̂ = t̂1,
the scalar equations can be written

t̂2(r0) · HI(r0) = −1

2
t̂1(r0) · Js(r0) −

1

4π

∫
−
S

t̂2(r0) ·
[
Js(r

′) ×∇′g(r0, r
′)
]

dA′ (2-11)

−t̂1(r0) · HI(r0) = −1

2
t̂2(r0) · Js(r0) +

1

4π

∫
−
S

t̂1(r0) ·
[
Js(r

′) ×∇′g(r0, r
′)
]

dA′. (2-12)

These two components suffice since there is no normal component of (2-10).

2.3 The EFIE-MFIE Hybrid Equation

Program NEC uses the EFIE for thin wires and the MFIE for surfaces. For a structure
with both wires and surfaces, r in (2-7) is restricted to wires, with the integral for ES(r)
extending over the complete structure. The thin-wire form of the integral in (2-7) is used
over wires while the more general form of (2-5) must be used on surfaces. Likewise, r0 is
restricted to surfaces in (2-11) and (2-12), with the integrals for HS(r) extending over the
complete structure. On wires the integral is simplified by the thin-wire approximation. The
resulting coupled integral equations are, for r on wire surfaces,

−ŝ · EI(r) =
−jη

4πk

∫

L
I(s′)

(

k2ŝ · ŝ′ − ∂2

∂s∂s′

)

g(r, r′) ds′

− jη

4πk

∫

S1

Js(r
′) ·

[

k2ŝ −∇′ ∂

∂s

]

g(r, r′) dA′ (2-13)

and for r on surfaces excluding wires

t̂2(r) · HI(r) =
−1

4π
t̂2(r) ·

∫

L
I(s′)

[
ŝ′ ×∇′g(r, r′)

]
ds′ − 1

2
t̂1(r) · Js(r)

− 1

4π

∫
−
S1

t̂2(r) ·
[
Js(r

′) ×∇′g(r, r′)
]

dA′ (2-14)

and

−t̂1(r) · HI(r) =
1

4π
t̂1(r) ·

∫

L
I(s′)

[
ŝ′ ×∇′g(r, r′)

]
ds′ − 1

2
t̂2(r) · Js(r)

+
1

4π

∫
−
S1

t̂1(r) ·
[
Js(r

′) ×∇′g(r, r′)
]

dA′. (2-15)

The symbol
∫
L represents integration over wires while

∫
S1

represents integration over surfaces

excluding wires. The numerical method used to solve equations (2-13), (2-14) and (2-15) is
described in section 3.
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3. The Moment-Method Solution

The integral equations (2-13), (2-14) and (2-15) are solved numerically in NEC by the
method of moments. The basic procedure for this solution is described in this section,
starting with a brief review of the moment method. The NEC solution combines point
matching of the fields with a three-term current expansion on wires and a pulse expansion
on surfaces. The point-matching approach is particularly convenient for combining different
modeling techniques that lead to a Green’s-function representation. Hence, the EFIE for
wires, MFIE for surfaces and the solution for a point source near the ground are combined
in NEC. The evaluation of the fields due to the distributed sources for these cases forms the
computational core of the code, together with the solution of the matrix equation, and is
discussed in succeeding sections.

3.1 Outline of the Moment Method

An excellent introduction to the moment method was given by R. F. Harrington in the
book Field Computation by Moment Methods [5]. A brief outline of the method follows.

The method of moments applies to a general linear-operator equation,

Lf = e (3-1)

where e is a known excitation, f is an unknown response and L is a linear operator (an
integral operator in the present case.) The unknown function f is expanded in a sum of
basis functions fj as

f =
N∑

j=1

αjfj (3-2)

and a set of linear equations for the coefficients αj is then obtained by taking the inner
product of (3-1) with a set of weighting functions {wi} as

〈wi, Lf〉 = 〈wi, e〉 i = 1, . . . , N.

The inner product is typically defined as

〈f, g〉 =

∫

S
f(r)g(r) dA

where the integration is over the structure surface. The number of weighting functions is
taken here to be equal to the number of basis functions, so that the number of equations is
equal to the number of unknown coefficients in (3-2). Due to the linearity of L, equation
(3-2) substituted for f yields

N∑

j=1

αj〈wi, Lfj〉 = 〈wi, e〉, i = 1, . . . , N.

This set of linear equations can be written in matrix notation as

[G][A] = [E]
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where Gij = 〈wi, Lfj〉, Aj = αj and Ei = 〈wi, e〉. The solution can then be written in
terms of the inverse matrix as

[A] = [G]−1[E].

The choice of basis and weighting functions has an important role in determining the
efficiency and accuracy of the moment-method solution. Each basis function can either
extend over the entire domain of the current, or a subdomain. Common choices for the
basis functions are rectangular pulses, piecewise-linear or piecewise-sinusoidal functions, or
polynomials. When wi = fi, the procedure is known as Galerkin’s method. In NEC the
basis and weighting functions are different, wi being chosen as a set of delta functions

wi(r) = δ(r − ri)

with {ri} a set of points on the conducting surface. The result is a point sampling of the
integral equation, known as point matching. Wires are divided into short straight segments
with a sample point at the center of each segment, while surfaces are approximated by a set
of flat patches with a sample point at the center of each patch.

With point sampling, the derivatives on the Green’s function for the EFIE place par-
ticular importance on a smooth representation of the current with continuous derivatives.
Hence a three-term sinusoidal expansion is used for the current on wires in NEC. The MFIE
for surfaces can be solved with a simpler current expansion. Good results are obtained with
a delta-function representation of the current on surfaces. Subdomain basis functions are
used on both wires and surfaces, with support of fi restricted to a region near ri. This
choice simplifies the evaluation of the integrals and ensures that the matrix G will be well
conditioned. Details of the current basis functions are given in the following sections.

3.2 Current Expansion on Wires

Wires in NEC are modeled by short straight segments, with the current on each segment
represented in the form

Ij(s) = Aj + Bj sin ks(s − sj) + Cj [cos ks(s − sj) − 1], |s − sj | < ∆j/2 (3-3)

where sj is the value of s at the center of segment j, and ∆j is the length of the segment.
This expansion was first used by Yeh and Mei [10] and has been shown to provide rapid
solution convergence [21, 22] , particularly on longer wires. It has the added advantage that
the electric fields of the sinusoidal currents are easily evaluated in closed form when ks is
equal to the wave number in the medium. In most circumstances ks is chosen equal to the
wave number in the medium containing the wire, since (3-3) then represents the natural
form for current on a long wire. However, in some cases, such as insulated wires in dielectric
or lossy media, a different choice of ks is more suitable.

In NEC–3 and earlier codes the current expansion on each segment had the form

Ij(s) = A′
j + Bj sin ks(s − sj) + Cj cos ks(s − sj), |s − sj | < ∆j/2. (3-4)

This form is equivalent to (3-3) except that precision may be lost in evaluating (3-4) on short
segments, with ks∆j � 1, due to cancellation of the constant and cosine terms. The form of
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(3-3) can be used on very short segments without loss of precision, as long as the constants
are evaluated carefully.

While (3-3) involves three arbitrary constants per segment, two of these are eliminated
by imposing continuity conditions on the current and charge at the segment ends. The
remaining constant for each segment is determined by solving the moment-method equations.
Continuity conditions at the segment ends are enforced on the current and the linear charge
density q, which is related to the derivative of current through the continuity equation

dI(s)

ds
= −jωq(s).

At a junction of two segments with equal radius the obvious conditions are that the current
and charge are continuous across the junction. At a junction of more than two wires, the
continuity of current is generalized to Kirchhoff’s law that the sum of currents into the
junction is zero.

The appropriate condition on charge is not as obvious at a junction of three or more
wires, or a step in wire radius. The actual distribution of charge in the vicinity of such a
junction, or even on a single wire at a bend, will be complex, with higher-order variations
along the wire and around its circumference. Variations around the wire must be neglected
in the thin-wire approximation, and the basis functions cannot support the rapid variation
or singularity that occurs at an edge. Hence, what is needed is a condition that results in the
best match of the boundary condition that is possible with the particular basis functions. One
approach, used in [23], is to allow an unknown discontinuity in charge density at a junction,
and determine the value in the moment-method solution by including new equations involving
additional weighting functions. However, the increased matrix order with this approach
can significantly increase computation time for large models. In NEC, the approximate
distribution of charge at a junction is determined from conditions in the vicinity of the
junction through quasistatic approximations. These conditions are derived in section 3.4.
For now the proportionality factor for charge on each wire at a junction, relative to other
wires at that junction, will be represented as a−i or a+

i , respectively, for end 1 or end 2
of segment i relative to the reference direction. Thus for all segments i connected to a
junction, the condition on the derivative of current is dI(s)/ds|s=sjunction = a±i Q, where Q is
an unknown constant related to the total charge associated with the junction, and the + or
− is chosen for the end of the segment that connects to the junction.

At a free wire end the current must go to zero. However, if the current can flow onto an
end cap it goes to zero at the center of the cap rather than at the edge of the wire cylinder. An
approximate treatment of wire end caps is included in the NEC–4 wire model, as described
in section 3.5. In the development of the general basis functions, the current at the end of
the wire cylinder will be related to the derivative of current through a proportionality factor
Xi for segment i, so that

I(send) = ±Xi
d

ds
I(s)

∣
∣
∣
∣
s=send

where send is the value of s at the edge of the cylinder on segment i, and the + or − signs
apply for the free end at end 1 or end 2 of the segment, respectively. The value of Xi will
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Fig. 3-1 Segments covered by the ith basis function.

be determined from a quasistatic treatment of the end cap. If there is no end cap Xi can be
set to zero.

The above conditions on current and charge are enforced on the three-term current
expansion of equation (3-3) in defining the basis functions. The conditions are then satisfied
by the total current for any combination of these basis functions. The general form of the
basis function will be developed for the configuration of segments shown in Fig. 3-1. The
basis function for segment i extends onto all segments connected to segment i, going to zero
with zero derivative at the outer ends of the connected segments. Thus it forms what could
be considered a generalized B-spline function. The current on each segment has the form of
(3-3), so that the current on segment i is

f0
i (s) = A0

i + B0
i sin ks(s − si) + C0

i [cos ks(s − si) − 1], |s − si| < ∆i/2 (3-5)

while on segments connected to end 1 of segment i,

f−
j (s) = A−

j + B−
j sin ks(s − sj) + C−

j [cos ks(s − sj) − 1], |s − sj | < ∆j/2 (3-6)

with j = 1, . . . , N−, and on segments connected to end 2 of segment i,

f+
� (s) = A+

� + B+
� sin ks(s − s�) + C+

� [cos ks(s − s�) − 1], |s − s�| < ∆�/2. (3-7)

with � = 1, . . . , N+. The total current expansion for a wire model with N segments is then

I(s) =
N∑

i=0

αifi(s) (3-8)

where the basis function centered on segment i is

fi(s) = f0
i (s) +

N−
∑

j=1

f−
j (s) +

N+
∑

�=1

f+
� (s) (3-9)

with the components of the basis function for segment i given by equations (3-5) through
(3-7).
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Equations (3-5), (3-6) and (3-7), forming the complete basis function associated with
segment i, involve 3(N− + N+ + 1) constants. All but one of these constants are eliminated
by enforcing the conditions on current and its derivative at the segment ends. At the ends
of segment i the conditions are

d

ds
f0
i (s)

∣
∣
∣
s=si−∆i/2

=ksa
−
i Q−

i (3-10)

d

ds
f0
i (s)

∣
∣
∣
s=si+∆i/2

=ksa
+
i Q+

i (3-11)

where Q−
i and Q+

i are related to the charge associated with the junctions at end 1 and end
2 of segment i, respectively. If end 1 of segment i is a free end (N− = 0) equation (3-10) is
replaced by

f0
i (si − ∆i/2) =

Xi

ks

d

ds
f0
i (s)

∣
∣
∣
s=si−∆i/2

(3-12)

while if end 2 of segment i is a free end (N+ = 0) equation (3-11) is replaced by

f0
i (si + ∆i/2) = −Xi

ks

d

ds
f0
i (s)

∣
∣
∣
s=si+∆i/2

. (3-13)

On segments connected to end 1 of segment i the end conditions are

f−
j (sj − ∆j/2) =0 (3-14)

d

ds
f−
j (s)

∣
∣
∣
s=sj−∆j/2

=0 (3-15)

d

ds
f−
j (s)

∣
∣
∣
s=sj+∆j/2

=ksa
+
j Q−

i (3-16)

while on segments connected to end 2 of segment i the conditions are

f+
� (s� + ∆�/2) =0 (3-17)

d

ds
f+
� (s)

∣
∣
∣
s=s�+∆�/2

=0 (3-18)

d

ds
f+
� (s)

∣
∣
∣
s=s�−∆�/2

=ksa
−
� Q+

i . (3-19)

Generalizing for connected segments with reference directions opposed to segment i, equa-
tions (3-14), (3-15) and (3-16) are solved for the constants in (3-6) to yield

A−
j = ∓

[
1

2 sin ks∆j/2
− 1

sin ks∆j

]

a±j Q−
i (3-20)

B−
j =

a±j Q−
i

2 cos ks∆j/2
(3-21)

C−
j =

∓a±j Q−
i

2 sin ks∆j/2
. (3-22)
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and equations (3-17), (3-18) and (3-19) are solved for the constants in (3-7) to yield

A+
� = ±

[
1

2 sin ks∆�/2
− 1

sin ks∆�

]

a∓� Q+
i (3-23)

B+
� =

a∓� Q+
i

2 cos ks∆�/2
(3-24)

C+
� =

±a∓� Q+
i

2 sin ks∆�/2
. (3-25)

The upper sign in these equations applies when the reference direction of the segment is as
shown in Fig. 3-1, and the lower sign for the opposite reference direction.

Since there is one less equation than unknowns for all parts of the basis function, we
arbitrarily set A0

i − C0
i = −1, since this results in a basis function with positive amplitude.

The basis function could be normalized to unit magnitude, but this is not done to save
computation time. The normalization is absorbed into the constants αj in (3-2). When
N− �= 0 and N+ �= 0 equations (3-10) and (3-11) can be solved for the constants in (3-5) to
yield

A0
i = C0

i − 1 (3-26)

B0
i =

(
a−i Q−

i + a+
i Q+

i

) sin ks∆i/2

sin ks∆i
(3-27)

C0
i =

(
a−i Q−

i − a+
i Q+

i

) cos ks∆i/2

sin ks∆i
. (3-28)

The constants Q±
i can then be eliminated by enforcing Kirchhoff’s law on the current at the

junctions
N−
∑

j=1

f−
j (sj + ∆j/2) = f0

i (si − ∆i/2)

N+
∑

�=1

f+
� (s� − ∆�/2) = f0

i (si + ∆i/2)

to obtain

Q±
i =

±a∓i (cos ks∆i − 1) − P∓
i sin ks∆i(

P−
i P+

i + a−i a+
i

)
sin ks∆i +

(
P−

i a+
i − P+

i a−i
)
cos ks∆i

(3-29)

where

P−
i = −

N−
∑

j=1

(
cos ks∆j − 1

sin ks∆j

)

a±j

P+
i =

N+
∑

�=1

(
cos ks∆� − 1

sin ks∆�

)

a∓� .

The upper sign applies when the reference direction of the connected segment is the same
as that of segment i and the lower sign is for opposed reference directions. The sum for
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P−
i is over segments connected to end 1 of segment i, and the sum for P+

i is over segments
connected to end 2.

For N− = 0 and N+ �= 0 the constants in (3-5) are

A0
i = C0

i − 1 (3-30)

B0
i =

sin ks∆i/2

cos ks∆i − Xi sin ks∆i
+ a+

i Q+
i

cos ks∆i/2 − Xi sin ks∆i/2

cos ks∆i − Xi sin ks∆i
(3-31)

C0
i =

cos ks∆i/2

cos ks∆i − Xi sin ks∆i
+ a+

i Q+
i

sin ks∆i/2 + Xi cos ks∆i/2

cos ks∆i − Xi sin ks∆i
(3-32)

with

Q+
i =

cos ks∆i − 1 − Xi sin ks∆i(
a+

i + XiP
+
i

)
sin ks∆i +

(
a+

i Xi − P+
i

)
cos ks∆i

(3-33)

For N− �= 0 and N+ = 0 the constants are

A0
i = C0

i − 1 (3-34)

B0
i =

− sin ks∆i/2

cos ks∆i − Xi sin ks∆i
+ a−i Q−

i

cos ks∆i/2 − Xi sin ks∆i/2

cos ks∆i − Xi sin ks∆i
(3-35)

C0
i =

cos ks∆i/2

cos ks∆i − Xi sin ks∆i
− a−i Q−

i

sin ks∆i/2 + Xi cos ks∆i/2

cos ks∆i − Xi sin ks∆i
(3-36)

with

Q−
i =

1 − cos ks∆i + Xi sin ks∆i(
a−i − XiP

−
i

)
sin ks∆i +

(
a−i Xi + P−

i

)
cos ks∆i

. (3-37)

If N− = N+ = 0, the complete basis function is

f0
i =

cos ks(s − si)

cos ks∆i/2 − Xi sin ks∆i/2
− 1. (3-38)

This function satisfies the conditions that have been defined for the current at free ends.
The use of a single isolated segment cannot be expected to yield an accurate solution for
current on the segment, but the segment may be useful as a source for fields illuminating
another part of the model, where the accuracy of the current on the source segment is not
important.

When a segment end is connected to a ground plane or to a surface modeled with the
MFIE, the end condition on both the total current and the last basis function is

d

ds
Ij(s)

∣
∣
∣
∣
s=send

= 0

replacing the condition of zero current at a free end. This condition does not require a
separate treatment, but is obtained by computing the last basis function as if the last segment
connected to its image segment on the other side of the surface.
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In the program AMP, a predecessor of NEC,
the current expansion also had the form of (3-3).
However, continuity of current was approximated
by requiring that when the current function on a
segment was extrapolated to adjacent segments
it coincided with the current at the centers of
those segments. The resulting basis function for
segment i had unit magnitude at the center of
segment i and went to zero at the centers of the
adjacent segments. Hence, the amplitude of ba-
sis function i, αi in (3-2), was the value of the
total current at the center of segment i. This
is not true in NEC, so the current at the cen-
ter of segment i must be computed by summing
the contributions of all basis functions extending
onto segment i. Fig. 3-2 Detail of the connection of a wire

to a surface.
3.3 Current Expansion on Surfaces

Surfaces on which the MFIE is used are modeled by small flat patches. The surface
current on each patch is expanded in a set of pulse functions with two orthogonal components
per patch. A special treatment is used in the region of wire connections. The pulse function
expansion for Np patches is

Js(r) =

Np∑

j=1

(J1j t̂1j + J2j t̂2j)Vj(r) (3-39)

where rj is the position of the center of patch j, t̂1j and t̂2j are the orthogonal unit vectors
on the surface at rj and Vj(r) = 1 for r on patch j and 0 otherwise.

The constants J1j and J2j are the average surface-current densities over the patch,
representing the αj in (3-2), and are determined by the solution of the matrix equation.
The integrals for fields due to the pulse basis functions are evaluated numerically at a single
point, so that for integration the pulses could be reduced to delta functions at the patch
centers. That this simple approximation of the current yields good accuracy is one of the
advantages of the MFIE for surfaces.

A more realistic representation of the surface current is needed in the region where a
wire connects to the surface. The treatment used in NEC involves the four coplanar patches
about the connection point, and is very similar to that used by Albertsen et al. [16]. In the
region of the wire connection, the surface current contains a singular component due to the
current flowing from the wire onto the surface. With the coordinates as shown in Fig. 3-2,
the total surface current should satisfy the condition

∇s · Js(x, y) = J0(x, y) + I0δ(x, y)

where δ(x, y) is a two-dimensional Dirac delta function, ∇s denotes the surface divergence,
J0(x, y) is a continuous function in the region ABCD and I0 is the current at the base of the
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wire flowing onto the surface. The form used in NEC is

Js(x, y) = I0f(x, y) +
4∑

j=1

gj(x, y) (Jj − I0fj) (3-40)

where Jj = Js(xj , yj), fj = f(xj , yj) with

f(x, y) =
xx̂ + yŷ

2π(x2 + y2)

and xj and yj are the values of x and y at the center of patch j. The interpolation func-
tions gj(x, y) are chosen such that gj(x, y) is differentiable on ABCD, gj(xi, yi) = δij and
∑4

j=1 gj(x, y) = 1. The functions used in NEC are as follows:

g1(x, y) = (d + x)(d + y)/4d2 g2(x, y) = (d − x)(d + y)/4d2

g3(x, y) = (d − x)(d − y)/4d2 g4(x, y) = (d + x)(d − y)/4d2.

Equation (3-40) is used when computing the electric field at the center of the connected
wire segment due to the surface current on the four surrounding patches. In computing
the field on any other segments or on any patches, the pulse-function form is used for
all patches, including those at the connection point. This saves integration time and is
sufficiently accurate for the greater source to observation-point separations involved.

3.4 The Condition on Charge at a Junction

Kirchhoff’s current law is implicit in the general NEC basis function for wires. However,
the conditions on charge were left as unspecified proportionality constants. Determining a
correct condition on charge is not as easy as for current, since the charge must distribute so
that the tangential electric field is minimized over the junction or, in the quasistatic form,
the electric scalar potential is continuous across the junction. Various conditions may affect
the distribution of charge at a junction, including changing wire radius, the proximity of
wires at the junction, different media permittivities when a wire crosses an interface, or the
transition from insulated to bare wire.

Approximations have been developed in an attempt to account for wire radius in the
basis functions without the need to solve an integral equation. Early junction treatments
assumed constant linear charge density [24] or constant surface charge density [25] at a
junction of wires with differing radius. By analysis of a wire with tapered radius, Wu and
King [26] derived a condition that charge distributes so that

qi ∝
[

ln

(
2

kai

)

− 0.5772

]−1

(3-41)

where qi is the linear charge density at the junction on wire i and ai is the wire radius.
A similar condition was derived by Shulkunoff and Friss [27] by equating potentials while
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treating each wire as infinite and isolated from adjacent wires. This condition was applied
at junctions in NEC–3 and prior versions of NEC.

By obtaining a highly resolved solution at a step in radius, using a surface moment-
method code, Glisson and Wilton [28] have shown that charge is singular at the outer edge
of the step, and goes to zero at the inner edge, as occurs on linear wedges. Outside of the
region of edge effects, the charge on opposite sides of the step differs approximately by the
ratio predicted by (3-41). This result suggests that (3-41) is not an appropriate condition
to apply precisely at the junction of wires with different radii. The charge will generally
have higher-order variations at a step, bend or multiple wire junction, but these usually do
not need to be included in a thin-wire model. What is needed is a condition on charge that
comes as close to the correct charge behavior as is possible with the given current expansion.

Popović et al. [23] obtained suitable conditions on charge by requiring that an approxi-
mate integral of electric field along wires crossing the junction is zero. This treatment takes
account of wire radius as well as the configuration of wires at the junction. At a junction of
M wires the resulting M−1 equations are appended to the moment-method equations, along
with the equation expressing Kirchhoff’s law. However, increasing the size of the matrix is
undesirable due to the M3 dependence of solution time.

In NEC–4, charge distributions for the basis functions are determined with minimal
computational overhead by executing a small moment-method solution for each junction.
Any junction on which the charge cannot be determined as uniform due to symmetry is
considered isolated from the rest of the structure with the wires extended to infinity away
from the junction. An integral equation based on continuity of scalar potential can then be
written for the junction of M wires as

M∑

�=1

∫ ∞

0
q�(s

′)
e−jkRi�(s,s

′)

Ri�(s, s′)
ds′ = C

{
i = 1, . . . , M
0 < s < smax

(3-42)

where q�(s
′) is the charge density at s′ on wire � and Ri�(s, s

′) is the distance between the
points at s on wire i and s′ on wire �, and C is an arbitrary constant. The distance smax

should approach zero for continuity of potential, but a finite but electrically small value is
used for the numerical solution.

Since the the current expansion of (3-3) results in an approximately piecewise linear
representation of charge, a similar treatment is used in solving (3-42). As shown in Fig. 3-3,
the charge is expanded in triangular basis functions terminated with a constant function
extending to infinity to avoid introducing effects of truncation lengths for the wires. The
charge on wire � is then

q�(s) =
n∑

j=1

q�jf�j(s)

where the first basis function is

f�1(s) = ∆� − s for 0 ≤ s ≤ ∆�

= 0 otherwise.
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Fig. 3-3 Basis functions and match points for the solution for charge on wire �.

For j = 2, . . . , n − 1,

f�j(s) = s − (j − 2)∆� for (j − 2)∆� ≤ s ≤ (j − 1)∆�

= j∆� − s for (j − 1)∆� ≤ s ≤ j∆�

= 0 otherwise

while the last basis function is

f�n(s) = ∆� for s > 0.

Substitution of this current expansion into (3-42) with the match points on wire i of

sk =

{
∆i/2 for k = 1
(k − 1)∆i for k = 2, . . . , n

leads to the set of equations

m∑

�=1

n∑

j=1

q�jΦik,�j = C

{
i = 1, . . . , m
k = 1, . . . , n

(3-43)

where

Φik,�j =

∫ ∞

0
f�j(s

′)
e−jkRi�(sk,s′)

Ri�(sk, s′)
ds′. (3-44)

The evaluation of the integral in (3-44) is discussed in Appendix A. The length ∆� is the
segment length at the junction on wire �. Hence s1 coincides with the match point in the
moment-method solution for current.

Equation (3-43) is solved for the basis function amplitudes, from which the charge
density on wire � at the junction is obtained as

Q� = (q�1 + q�n)∆�.

18



Q� is then used for the a±i in the basis functions. Since only the ratios of charge densities
are needed, the number of equations in (3-43) could be reduced by one by subtracting one
equation from the others and dividing by one of the unknowns. Little is gained by this
however since the solution time for the small matrix is negligible compared to the time to
evaluate the matrix elements.

Tests for stepped-radius wires and multiple wire junctions have shown excellent conver-
gence for the charge density at the junction with n = 2 in (3-43), using only the half-triangle
and semi-infinite basis functions. Hence, while the code to solve (3-43) has been written
for arbitrary n, n has been set to 2. The time to solve (3-43) for a junction of two wires
with differing radii, including the evaluation of the four elements of the Φ matrix, is then
about five times the time to evaluate a single matrix element in the full impedance matrix.
Since this solution for charge must be done only once for each junction the increase in time
is generally small. For a structure with ten segments and one step in radius the time to fill
the impedance matrix is increased by about five percent.

Several other conditions may occur at a wire end that call for alternate junction treat-
ments. When a wire is connected to a perfectly conducting surface the charge, or derivative
of current, is set to zero at the wire end. If the wire meets the surface at an angle from nor-
mal the charge will vary around the wire circumference. However, since the current and its
image must form an even function about the plane, zero charge is the appropriate condition
in the thin-wire approximation.

When a wire crosses an interface between two different media the current remains con-
tinuous and charge density is discontinuous as q+/q− = ε+/ε−, where ε+ and ε− are the
permittivities of the upper and lower media, respectively [18]. This condition results from
the requirement of continuity of radial electric field across the interface when the penetrating
wire is normal to the interface. However, the condition has been used for wires tilted by
more than 60 degrees from the normal with apparently good results, based on small values
of tangential electric field computed along the wire at the interface. For a lossy medium the
condition on derivative of current is

I ′+/I ′− = ε̃+/ε̃− (3-45)

where ε̃+ and ε̃− are the complex permittivities. In the basis functions, the a±i at a junction
of wires on opposite sides of the interface are set equal to ε̃+ or ε̃− for the medium containing
the wire.

Well converged results have been obtained using (3-45) on a monopole on a buried radial-
wire ground screen. While (3-45) does not include the interaction of horizontal screen wires
with the interface, it represents the dominant effect on charge when crossing the interface.
However poor convergence is obtained when using (3-41) at a junction of a monopole and a
radial-wire screen just above the interface. In the latter case, segment lengths at the junction
must be on the order of the distance of the screen from the interface to obtain a converged
result.

No simple condition has been derived for charge at a junction of a wire with a dielectric
or conducting sheath and a bare wire. In such a case, the best approach may be to leave
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the charge condition as undetermined and include an equation minimizing tangential electric
field at the junction as part of the moment-method equations. The same appears true when
interaction with an interface has a substantial effect on charge distribution at a junction.
The charge discontinuity can be introduced as an unknown in the moment-method solution
by including an additional basis function ending at the junction with zero value but nonzero
derivative. A suitable basis function can be obtained from the derivation in section 3.2 by
evaluating the basis function as if the end of the segment at the junction was a free end with
Xi = 0. To apply this method at a junction of n wires the new basis functions would be
added on n − 1 of the wires at the junction. This does not introduce an asymmetry at the
junction, since the other basis functions will adjust accordingly.
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4. Evaluation of the Field in Free Space

The moment-method solution of equations (2-13), (2-14) and (2-15) requires the evalua-
tion of near electric and magnetic fields due to source currents on wire segments and surface
patches. The evaluation is considered first in this section for the case of sources in free
space or in an infinite dielectric or lossy medium. The evaluation of the electric field near an
interface between free space and earth is covered in section 5. The evaluation of the electric
field due to a wire segment is the most involved, due to the three components of current,
constant, sin kss and cos kss, and also because considerable care is needed to avoid loss of
precision at low frequencies. An approximate treatment of end caps on wires is also included
in this section.

4.1 The Electric Fields due to Wire Segments

In evaluating the field due to the basis functions on wires, the fields due to the component
functions in (3-5), constant, sin kss and cos kss, are evaluated and then combined using the
constants derived for the basis functions. Care is needed in the evaluation of the field to
avoid loss of precision at low frequencies and in particular limits of the coordinates. One
cause of precision loss is the cancellation of the fields due to the point or ring charges at
the segment ends. These point charges are an artificial result of treating continuous wires
as made up of discrete segments, and the resulting fields must cancel exactly. Since the
continuity of current, as required by Kirchhoff’s law, is enforced in the basis functions, the
fields due to the point charges can simply be dropped from the evaluation, thus eliminating
this source of precision loss. These terms are dropped in NEC–4, but not in NEC–3 and
earlier codes.

NEC–3 also differs from NEC–4 in the evaluation of the thin-wire kernel. In NEC–3 the
current is treated as a filament on the wire axis and the boundary condition is matched on the
wire surface. Also, NEC–3 includes an extended thin-wire kernel, which is an approximate
evaluation of the field on the surface of the wire due to current on the surface. The extended
thin-wire kernel is not used in NEC–4, since the extended boundary condition model, with
end caps on the wires, gives at least as good results for thick wires.

As discussed in section 2, the NEC–4 wire model employes the extended boundary con-
dition in the thin wire approximation, so that the current is treated as a tubular distribution
on the wire surface, while the boundary condition is enforced on the wire axis. In evaluating
the field of the current on the wire surface the segment is considered on the z axis of a
cylindrical coordinate system, as shown in Fig. 4-1. The integral over z is evaluated first
and then the integral over φ. Hence the field due to a current filament on the z axis will be
considered first.

Although in general the integral for the near fields of a current distribution cannot be
evaluated in closed form, such an evaluation is possible for a straight filament of current
with sin ks(z − z0) distribution when ks is equal to the wave number in the medium. This
result was derived by Brillouin [29] and is included in [30]. For a current filament extending
from z1 to z2 on the z axis of a cylindrical coordinate system, as shown in Fig. 4-1a, with
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Fig. 4-1 Coordinates for evaluation of the field; a) current filament on the z axis, b) current on a round wire
segment.

current distribution

I(z′) = I0

(
sin kz′

cos kz′

)

where k is the wave number in the medium, the field components at the point (ρ, z) are

E
S
C
ρ (ρ, z) =

−jηI0

4πkρ

e−jkR

R

{

k(z − z′)

(
cos kz′

− sin kz′

)

+
[
1 − (z − z′)2

R2
(1 + jkR)

](sin kz′

cos kz′

)}∣
∣
∣
∣

z′=z2

z′=z1

(4-1)

E
S
C
z (ρ, z) =

jηI0

4πk

e−jkR

R

{

k

(
cos kz′

− sin kz′

)

− (1 + jkR)
(z − z′)

R2

(
sin kz′

cos kz′

)}∣
∣
∣
∣

z′=z2

z′=z1

. (4-2)

For a constant current of strength I0 the field components are

EK
ρ (ρ, z) =

−jηρI0

4πk

[

(1 + jkR)
e−jkR

R3

]z′=z2

z′=z1

(4-3)

EK
z (ρ, z) =

−jηI0

4πk

{[

(1 + jkR)(z − z′)
e−jkR

R3

]z′=z2

z′=z1

+ k2

∫ z2

z1

e−jkR

R
dz′

}

(4-4)

where R = [ρ2 + (z − z′)2]1/2.

Although the fields due to the sin(kz′) or cos(kz′) currents are expressed as terms
evaluated at the segment ends, the fields are due to current and charge distributed along
the segment as well as point charges at the ends where the current is discontinuous. For
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the constant current there is only the current on the segment and point charges at the ends.
Since continuity of current is enforced in the NEC basis functions, the field components due
to point charges at the segment ends can be dropped. The point-charge field for the segment
on the z axis is

Eq(ρ, z) =
−jηI(z′)

4πk
(1 + jkR)

e−jkR

R3
R

∣
∣
∣
∣

z′=z2

z′=z1

(4-5)

where R = ρρ̂ + (z − z′)ẑ. Subtracting the components of Eq from equations (4-1) through
(4-4) leaves

E
S
C
ρ (ρ, z) =

−jηI0

4πρ
e−jkR

[
(z − z′)

R

(
cos kz′

− sin kz′

)

− j

(
sin kz′

cos kz′

)]z′=z2

z′=z1

(4-6)

E
S
C
z (ρ, z) =

jηI0

4π

e−jkR

R

(
cos kz′

− sin kz′

)∣
∣
∣
∣

z′=z2

z′=z1

(4-7)

EK
ρ (ρ, z) = 0 (4-8)

EK
z (ρ, z) =

−jηI0k

4π

∫ z2

z1

e−jkR

R
dz′. (4-9)

The above equations for fields due to sin ks and cos ks currents are restricted to k in the
current expansion equal to the wave number in the medium. This is usually the desirable
choice since it results in a current expansion approximating the natural form of current on a
long wire. However, in some cases, such as on an insulated wire embedded in a dielectric or
lossy medium, it is better to use a factor ks in the current expansion that is different from
k. In this case additional terms must be included in (4-1) and (4-2). The field components
for current distributions of

I(z′) = I0

(
sin ksz

′

cos ksz′

)

are

E
S
C
ρ (ρ, z) =

−jηI0

4πkρ

{
e−jkR

R

[

ks(z − z′)

(
cos ksz

′

− sin ksz′

)

+

(

1 − (z − z′)2

R2
(1 + jkR)

) (
sin ksz

′

cos ksz′

)]∣
∣
∣
∣

z′=z2

z′=z1

− (k2 − k2
s)

∫ z2

z1

(
sin ksz

′

cos ksz′

)

(z − z′)
e−jkR

R
dz′

}

(4-10)

E
S
C
z (ρ, z) =

jηI0

4πk

{
e−jkR

R

[

ks

(
cos ksz

′

− sin ksz′

)

− (1 + jkR)
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R2

(
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′
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∣
∣
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z′=z2

z′=z1

− (k2 − k2
s)

∫ z2

z1

(
sin ksz

′

cos ksz′

)
e−jkR

R
dz′

}

. (4-11)

Eliminating the components due to point charges at the segment ends, these fields are
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(4-12)
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4πk

{

ks

(
cos ksz

′

− sin ksz′

)
e−jkR

R

∣
∣
∣
∣

z′=z2

z′=z1

− (k2 − k2
s)

∫ z2

z1

(
sin ksz

′
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dz′
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. (4-13)

The equations (4-6) through (4-9) are an improvement over those including the point
charges, but still present problems for numerical evaluation in some cases. They are exact,
however, with the restriction that the current is continuous, goes to zero at free ends and the
sum of currents into any junction is zero. Since the current expansion in NEC satisfies these
conditions, equations (4-6) through (4-10) are used as the basic forms for evaluating the
method of moments matrix and near fields. When a segment connects to a surface modeled
with the MFIE the field of the point charge at the connected end must be included, to cancel
the corresponding point charge on the surface. Also, at a junction of wires on opposite sides
of the air-ground interface the point-charge fields must be included in the field for each
connected end since the charges are located in different media. These point-charge fields are
obtained by evaluating (4-5) for the particular segment end.

For a segment with length ∆ = 2δ extending from z1 = −δ to z2 = δ the field compo-
nents given by (4-6) through (4-9) become

ES
ρ (ρ, z) =

−jηI0

4πρ

{[
(z − δ)

e−jkR2

R2
− (z + δ)

e−jkR1

R1

]
cos(kδ)

− j(e−jkR2 + e−jkR1) sin(kδ)

}

(4-14)

EC
ρ (ρ, z) =

jηI0

4πρ

{[
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e−jkR2

R2
+ (z + δ)

e−jkR1

R1

]
sin(kδ)

+ j(e−jkR2 − e−jkR1) cos(kδ)

}

(4-15)

ES
z (ρ, z) =

jηI0

4π

(e−jkR2

R2
− e−jkR1

R1

)
cos(kδ) (4-16)

EC
z (ρ, z) =

−jηI0

4π

(e−jkR2

R2
+

e−jkR1

R1

)
sin(kδ) (4-17)

EK
z (ρ, z) =

−jηI0k

4π

∫ δ

−δ

e−jkR

R
dz′ (4-18)

where R1 = [ρ2 +(z + δ)2]1/2 and R2 = [ρ2 +(z− δ)2]1/2. Numerical precision may be lost in
evaluating equations (4-14) through (4-18) in the limit of small kR or when R is much larger
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than ∆ or for small ρ when |z| > δ. Also, the subtraction of EC
z −EK

z in evaluating the field
due to the cos ks(s− sj)− 1 term in (3-5) requires careful treatment. Approximations valid
for these cases are given in Appendix B.

To evaluate the field of a tubular current distribution the field of a current filament is
integrated around the circumference of the cylinder, using the geometry of Fig. 4-1b. Taking
account of the change in direction of the ρ̂ vector from the filament to the evaluation point,
the fields of the current on the cylinder, in terms of the field components Ez and Eρ for the
filament with unit current, are

ET
z (ρ, z) =

I0

2π

∫ 2π

0
Ez(ρ

′, z) dφ

and

ET
ρ (ρ, z) =

I0

2π

∫ 2π
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cos α Eρ(ρ

′, z) dφ
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ρ′ = (ρ2 + a2 − 2ρa cos φ)1/2

and

cos α =
ρ − a cos φ

ρ′
.

Using (4-6) through (4-9) for the field of the filament, the field of the tubular current distri-
bution can be written
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EK
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4π
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where I0 is the magnitude of the total current on the cylinder and
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G4 =
1
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∫ 2π

0

∫ z2
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e−jkR

R
dz′ dφ. (4-25)

with
R = (ρ2 + a2 + z2 − 2aρ cos φ)1/2.
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When the evaluation point is on the axis of the segment, so that ρ = 0, the evaluation
of the integrals over φ becomes trivial. The result can be obtained by simply lumping the
current in a filament at any position around surface of the cylinder. When ρ is not zero
the integrals cannot be evaluated in terms of simple functions. Approximations based on
the assumption of a thin wire are commonly used in this case. An approximation that is
sometimes used for evaluation points outside of the segment is to treat the total current as
a filament located at the φ = 90◦ position. However, it is well known that the radial electric
field outside of a wire is well approximated by treating the charge as a filament on the wire
axis. The difference between the radial field with the filament on the surface at φ = 90◦ and
on the axis can be significant when ρ is on the order of the wire radius.

Approximations for the integrals in (4-22) through (4-25) are derived in Appendix D.
Series approximations are considered that involve either R to a point on the segment axis
or to a point at φ = 90◦ on the surface. The approximations involving R to the segment
surface are used in NEC–4, so that

G1 ≈Gb
1 =

e−jkRt

Rt
(4-26)

G2 ≈Gb
2 =

e−jkRt

ρRt
(4-27)

G3 ≈Gb
3 =

e−jkRt

ρ
(4-28)

G4 ≈Gb
4 =

∫ z2

z1

e−jkRt

Rt
dz′ (4-29)

and Rt = [ρ2 + a2 + (z − z′)2]1/2. Since G2 and G3 involve factors of ρ−1 rather than ρ′−1

the result is not the field of a current filament on the surface.

For ρ < a, the approximations for G2 and G3 in Appendix D do not have leading terms
resembling the integrand evaluated at a point. Hence, it might seem reasonable, for the level
of approximation in (4-26) through (4-29), to set G2 and G3 to zero for evaluation points
inside the wire surface. This question is important in the case of a bend in a thick wire, where
the segment lengths are short enough that the match point on one segment is buried inside
the other segment. This is a pathological case that violates the thin-wire approximation.
However it has been found that better results are obtained from the moment-method solution
by continuing to use (4-26) through (4-29) when ρ < a rather than setting the radial electric
field to zero.

4.2 The Magnetic Field due to Wire Segments

The magnetic field of a wire segment is zero on the segment axis and φ directed outside of
the wire. For a segment on the z axis with length ∆ = 2δ and sinusoidal current distributions

I(z′) = I0

(
sin kz′

cos kz′

)
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the field components are
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sin kδ

cos kδ

)

+ j(z + δ)
e−jkR1

R1

(− sin kδ

cos kδ

)]

(4-30)

where R1 = [ρ2 + (z + δ)2]1/2 and R2 = [ρ2 + (z − δ)2]1/2. For a constant current I0 the field
is

HK
φ (ρ, z) =

ρI0

4π

∫ δ

−δ
(1 + jkR)

e−jkR

R3
dz. (4-31)

The integral in (4-31) is evaluated numerically using adaptive Romberg quadrature.

When ρ � |z| and |z| > δ the evaluation of (4-30) may lead to numerical errors due to
the cancellation of large terms. Hence, for z > δ and ρ/(z − δ) < 10−3 the field is evaluated
using the approximation

H
S
C
φ (ρ, z) ≈ ρI0

8π
e−jkz

{[
k

z + δ
− k

z − δ

] (
1

−j

)

+

[
ejkδ

(z − δ)2

(
sin kδ

cos kδ

)

− e−jkδ

(z + δ)2

(− sin kδ

cos kδ

)]}

. (4-32)

For z < −δ and ρ/(|z| − δ) < 10−3 equation (4-32) is evaluated for −z and the relation

H
S
C
φ (ρ, z) = ∓H

S
C
φ (ρ,−z) is used.

4.3 The Electric and Magnetic Fields due to Surface Currents

The electric and magnetic fields due to each patch making up a surface are evaluated
by treating the surface current over the patch as a point source located at the center of the
patch. This approximation restricts the minimum separation of source and evaluation points,
but is compatible with the moment-method solution. The terms t̂ ·J×∇′g(r, r′) in equations
(2-14) and (2-15) vanish when t̂, J and r−r′ lie in the same plane. Hence the surface integrals
for magnetic field in these equations do not contribute to the self-interaction terms for flat
patches, where the contribution of the singularity has been taken out as a separate term.
With the point-source approximation, the magnetic field due to patches is evaluated as

H(r) =
−1

4π

M∑

i=1

e−jkR

R2
(1 + jkR)(R̂ × Ji)Si (4-33)

where R = |r − ri|, R̂ = (r − ri)/R, Ji is the surface current on patch i and Si is the area
of the patch.

The electric field due to patches is evaluated as

E(r) =
−jη

4πk

M∑

i=1

e−jkR

R3

[(
k2R2 − jkR − 1

)
Ji −

(
k2R2 − 3jkr − 3

) (
Ji · R̂

)
R̂

]
Si. (4-34)
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4.4 A Model for End Caps on Wires

In order for the extended boundary condition
used in NEC–4 to be strictly valid the wire must
be modeled as a closed surface. Hence the free
ends of wires must be closed with caps. Popović
et al. [23] described a careful treatment of end
caps of flat or hemispherical shape. The cap was
included in the moment-method solution with sev-
eral match points located on the cap surface. This
approach appears too cumbersome for large, com-
plex structures, so a simpler treatment of end caps
was used in NEC–4. The wire is assumed to have
a flat end cap, as in Fig. 4-2, with a constant
surface charge density that maintains continuity
of current and charge density with the wire. For
continuity of current from the wire surface onto
the end cap, a surface current density of

Jc(ρ) =
ρS

2πa2
Iw(0)ρ̂

Fig. 4-2 A wire end with a flat end cap.

is assumed on the end cap, where Iw is the total wire current and

S =

⎧
⎪⎨

⎪⎩

1 if the reference direction for
Iw is away from the end cap

−1 if the reference direction for
Iw is toward the end cap.

From the continuity equation, the surface charge density is then

ρc =
j

ω
∇ · Jc(ρ) =

jS

ωπa2
Iw(0). (4-35)

For continuity of charge density from the wire onto the end cap, it is required that

ρc =
j

2πaω

d

dz
Iw(z)

∣
∣
∣
∣
z=0

which, with (4-35), yields the condition

I ′w(z)

Iw(z)

∣
∣
∣
∣
z=0

=
2S

a
. (4-36)

This value of I ′w/Iw supplies the value for Xi in equations (3-12) or (3-13) defining the basis
function. A similar condition is imposed at wire ends in NEC–3 where

I ′w(z)

Iw(z)

∣
∣
∣
∣
z=0

= kS
J0(ka)

J1(ka)
.
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With small argument approximations for the Bessel functions J0 and J1, this equation re-
duces to (4-36). However, in NEC–3 the field due to the charge on the end cap was neglected
so the end condition did little good.

The field at a point r due to the constant charge density ρc on the end cap with area
Ac is

Ec(r) =
−ρc

4πε
∇

∫

Ac

e−jkR

R
dA′ (4-37)

where R = |r − r′| and r′ is the integration point on Ac. Due to symmetry of the current
Jc, the vector potential is zero on the axis and is greatly reduced by cancellation at typical
evaluation points off of the axis. Hence the vector potential is neglected in evaluating the
field. The evaluation of the integral in (4-37) is discussed in Appendix E. The field Ec is
included in the method of moments impedance matrix where it is added to the field due to
the basis function at the wire end.

Fig. 4-3 Voltage source with end caps on the excitation gap.

End caps must also be added to segments with voltage sources to prevent these sources
from exciting the inside of the wire. A schematic view of a segment with a voltage source
is shown in Fig. 4-3. The source drives a current Iw along the wire and also supplies a
current Ivc to charge the capacitor formed by the ends of the source gap. Using a simple
approximation for the capacitance of the source gap of C = πa2ε/∆ the current onto the
end caps is

Ivc =
jπωεa2

∆
V. (4-38)

The total charge on the caps is CV , so the surface charge density, assuming a constant
distribution, is

ρvc =
εV

∆
(4-39)

on the cap at the “plus” end of the source and −ρvc at the opposite end.

Neglecting the vector potential of the current, the field due to the charged caps on a
segment j with source voltage Vj and cap A1 on the negative end and A2 on the positive

29



end is

Evc
j (r) =

ρvc

4πε
∇

(∫

A1

e−jkR

R
dA′ −

∫

A2

e−jkR

R
dA′

)

. (4-40)

Since the charge is proportional to the known source voltage, the field that it produces is
added to the excitation term EI in (2-13) or to the right-hand side of the matrix equation
(3-4). Thus the field on segment i located at ri due to the source on segment j is

ŝi · EI(ri) = δij
Vj

∆j
+ ŝi · Evc

j (ri)

where δij is the Kronecker delta function. Without the end caps, only the first term is
present, with zero field on all segments except the source segment.

A similar treatment is needed on segments with impedance loads, since a load is really a
current-dependent voltage source. If segment j is loaded with impedance Zj , the gap voltage
determining ρvc in (4-40) is VL = IjZj , where Ij is the current at the center of the segment.
Thus ρvc = IjZjε/∆j . The charges on the end caps produce a field component ŝi · Evc

j (ri)
on segment i that must be added to the matrix element for each basis function that extends
onto segment j. Since only the coefficient of Aj in (3-5) is not zero at the center of the
segment only the component of field due to the constant current is affected.

The effect of including end caps on wire ends and voltage sources is shown in Fig. 4-4
and 4-5 for a quarter wave monopole with a wire radius of 0.01λ. The monopole was divided
into 80 segments so that the ratio of segment length to radius was 0.3125. Since the radius is
constant, the thin-wire kernel (TWK) in NEC–3 is equivalent to putting the current on the
surface and the match points on the axis. The invalid condition of zero field on the axis of an
open cylinder results in non-physical oscillations of the current. These oscillations become
apparent for segment lengths shorter than about two times the radius. The extended thin-
wire kernel (ETWK) in NEC–3 represents a physically valid condition, with the current and
match points on the surface of the cylinder. However, the field is evaluated with only the
first two terms of a series expansion in radius. Hence oscillations in the current are greatly
reduced but are still present. The end-cap treatment in NEC–4 reduces the oscillations at
the wire ends and essentially eliminates them at the voltage source. That the oscillations
are not completely eliminated at the end is probably the result of the approximation of a
constant charge density on the end cap, neglecting the actual singular behavior of charge at
the edge.

To completely close the wire surface, the field due to charge on the annular surface at
a change in radius should also be included in the solution. This has been tested in a code
limited to straight wires. The surface charge density on the annular surface was linearly
interpolated between values on the wires. Also, Kirchhoff’s law was modified to allow for
charge accumulation on the annular surface. Initial tests showed that these changes reduced
the invalid oscillations of current when segments with small length-to-radius ratio were used
at a step in wire radius. However, this treatment has not been included in the present NEC–4
due to the difficulty of extending it to handle junctions of several wires with differing radii
and directions. Also, there are other problems in applying the thin-wire approximation at
such junctions.
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Fig. 4-4 Current on a λ/4 monopole excited
by an incident plane wave with 2 V/m. The
monopole had a radius of 0.01λ and was mod-
eled with 80 segments.

Fig. 4-5 Current on a λ/4 monopole excited
by a 1 V source at its base. The monopole
had a radius of 0.01λ and was modeled with 80
segments.
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5. Evaluation of the Field Near Ground

The previous discussion of field evaluation has dealt with currents in an infinite medium.
The medium may be free space, dielectric or conducting with the proper choice of wave
number k. NEC can also model antennas above or in a conducting half space with air as the
upper medium and an arbitrary material such as earth or water below. The ground plane
changes the solution in three ways: (1) by modifying the current distribution through near-
field interaction; (2) by changing the field illuminating the structure; and (3) by changing the
reradiated field. Effects (2) and (3) are easily analyzed in terms of plane-wave reflection, as a
direct ray and a ray reflected from the ground. The reradiated field is not a plane wave when
it reflects from the ground, but the strength of the field can be found from the reciprocal
problem with a plane wave arriving at the ground from the distant evaluation point. Analysis
of the near-field interaction is more difficult, however. The free-space Green’s function in the
kernel of the integral equation must be replaced by the Green’s function for a source near
an interface.

NEC offers three options for modeling grounds. For a perfectly conducting ground, the
code simply includes the image of a source when evaluating the fields. The image field is
evaluated with the formulas in Section 4 for an infinite medium. The most accurate model
for a lossy ground is based on the solution for a point source near an interface, in terms of the
Sommerfeld integrals [31]. Table-lookup and asymptotic approximations are used to reduce
computation time. This model will be called the Sommerfeld/Asymptotic method. The
third option treats a lossy ground with a modified image model using the Fresnel plane-wave
reflection coefficients. While specular reflection is not accurate for spherical-wave near fields,
this Reflection Coefficient Approximation (RCA) has been found to provide useful results
for structures in air at least 0.1λ0 or more above the interface [11, 32, 33]. The advantage of
this method is its simplicity and speed of computation, which are the same as for the image
method for perfectly conducting ground. The Sommerfeld/Asymptotic model is presently
implemented only for wires, but the same technique could be extended to the MFIE patch
model.

The remainder of this section describes the field evaluations for the Sommerfeld/As-
ymptotic and RCA solutions. Other considerations in modeling a structure near a ground
plane, including the effects on incident and radiated fields and the current expansion on a
wire penetrating the interface, are discussed elsewhere in this manual.

5.1 The Sommerfeld/Asymptotic Solution

The development of the Sommerfeld/Asymptotic model in NEC can be traced back
to the code WFLLL2A [34] which implemented a numerical evaluation of the Sommerfeld
integrals in evaluating the elements of the moment-method matrix. The double integration in
this approach, when the fields involving Sommerfeld integrals are integrated over the current
distribution, can increase the computation time relative to that for a model in free space by
as much as two orders of magnitude. A code SOMINT was then developed [35] that used
bivariate interpolation in a table of pre-computed Sommerfeld integral values to obtain the
field values needed for integration over current distributions. This method greatly reduces
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the required computation time. NEC–2 used a similar approach, with the interpolation
algorithm optimized. The singularity at the source and the free-space phase factor were
removed analytically to reduce the solution time and allow modeling wires very close to the
interface. For interaction distances beyond the range of the interpolation table, the Norton
approximations [36] were used in NEC–2.

When the ground model was extended in NEC–3 for wires above, below or crossing the
interface, the interpolation procedure became considerably more complicated. When source
and evaluation points are on the same side of the interface, the field values depend only
on the sum of the distances of the points from the interface and their radial separation.
Hence only these two parameters were needed in a bivariate interpolation. When source and
evaluation points are on opposite sides of the interface, the fields depend on the individual
distances from the interface, so the interpolation space involves three parameters. Also, for
some coordinate ranges, the field transmitted across the interface is not as well behaved as
the reflected field.

For small separations of source and evaluation points, the algorithms developed for
NEC–3, which are also used in NEC–4, employ a three-parameter interpolation with the
singularity and phase variation suppressed. For somewhat larger separations, the field values
are obtained by interpolation with a model in which terms suggested by the asymptotic form
of the field equations are fit to computed field values with a least-squares algorithm. This
approach, which can be termed model-based parameter estimation, allows a larger sampling
interval in the computed values than would be possible with polynomial interpolation. At
still larger distances, standard asymptotic approximations are used. The equations and
numerical methods used in representing the field near ground are described in the remainder
of this section.

5.1.1 The Field Equations

The Sommerfeld solution for a point source near an interface is usually derived by
matching boundary conditions at the interface in a cylindrical-wave expansion of the Hertz
potential. The form used here is taken from Baños [37] and involves U and V integrals.
The geometry of the half-space problem is shown in Fig. 5-1. The relative permittivity and
conductivity of the lower medium will be denoted ε1 and σ1 respectively, while in the upper
medium these parameters are ε2 and σ2, and both media have free-space permeability µ0.
Thus the wave numbers in the lower medium k1 and upper medium k2 are

k2
1 = ω2µ0ε0(ε1 − jσ1/ωε0)

k2
2 = ω2µ0ε0(ε2 − jσ2/ωε0).

In most of the development to follow ε2 and σ2 will be arbitrary, although NEC is currently
restricted to ε2 = 1, σ2 = 0.

The notation for electric field will use a subscript to indicate the field component in
cylindrical coordinates (ρ, φ, z) and a superscript to indicate the source orientation, V for
a vertical electric dipole and H for horizontal. If the horizontal source is located along the
x axis, the components EH

ρ and EH
z must be multiplied by cos φ to obtain the ρ and z
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Fig. 5-1 Coordinates for evaluation of the field due to a buried source at an elevated receiver.

components of field at an angle φ from the x axis, while EH
φ is multiplied by sin φ. These

φ dependent terms will be omitted for now, since we want to use the field components in
table lookup schemes with a minimum number of parameters. Also, a dipole with unit
current moment I� = 1 will be assumed for now. The rectangular components of field
due to an arbitrarily oriented electric dipole source with current moment I� and direction
d̂ = dxx̂ + dyŷ + dzẑ will eventually be obtained from these terms as

⎛

⎝
Ex

Ey

Ez

⎞

⎠ =

⎛

⎝
cos2 φEH

ρ − sin2 φEH
φ sin φ cos φ(EH

ρ + EH
φ ) cos φEV

ρ

sin φ cos φ(EH
ρ + EH

φ ) sin2 φEH
ρ − cos2 φEH

φ ) sin φEV
ρ

cos φEH
z sin φEH

z EV
z

⎞

⎠

⎛

⎝
dx

dy

dz

⎞

⎠ I� (5-1)

The form of the field equations depends on the location of the source and evaluation
points relative to the interface. When source and evaluation points are on opposite sides of
the interface the fields involve only the Sommerfeld integral terms. When source and eval-
uation points are on the same side of the interface the equations include terms representing
the direct field from source to observer and the field of an image of the source, in addition
to the Sommerfeld integrals. The form of these equations is not unique. In fact, NEC uses
only the equations for a source below the interface and observer above, with the other cases
obtained from transformations given in Appendix G. The full set of electric field equations
from Baños is included in Appendix F for reference.

For a source with I� = 1 at height z′ in medium 1 and evaluation point at height z in
medium 2 (z′ < 0, z ≥ 0) the electric field components are [37]

EV
ρ12 =

−jωµ0

4π

∂2V12

∂ρ∂z
(5-2a)

EV
z12 =

−jωµ0

4π

(
∂2

∂z2
+ k2

2

)

V12 (5-2b)

EH
ρ12 =

−jωµ0

4π

(
∂2V12

∂ρ2
+ U12

)

(5-2c)
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EH
φ12 =

jωµ0

4π

(
1

ρ

∂V12

∂ρ
+ U12

)

(5-2d)

EH
z12 =

jωµ0

4π

∂2V12

∂ρ∂z′
(5-2e)

where V12 and U12 are the Sommerfeld integrals

V12 = 2

∫ ∞

0

eγ1z
′−γ2z

k2
1γ2 + k2

2γ1
J0(λρ)λ dλ (5-3)

U12 = 2

∫ ∞

0

eγ1z
′−γ2z

γ1 + γ2
J0(λρ)λ dλ (5-4)

with γ1 = (λ2 − k2
1)

1/2 and γ2 = (λ2 − k2
2)

1/2. A subscript of 12 has been added to indicate
that the source is in medium 1 and the evaluation point in medium 2. Using the symmetry
properties of the Hankel function, (5-3) and (5-4) can also be written

V12 =

∫ ∞

−∞

eγ1z
′−γ2z

k2
1γ2 + k2

2γ1
H

(2)
0 (λρ)λ dλ (5-5)

U12 =

∫ ∞

−∞

eγ1z
′−γ2z

γ1 + γ2
H

(2)
0 (λρ)λ dλ (5-6)

Using the integrals from (5-3) and (5-4) and evaluating the derivatives in (5-2) results
in the equations for the field components

EV
ρ12 =

jωµ0

4π
2

∫ ∞

0

γ2e
γ1z

′−γ2z

k2
1γ2 + k2

2γ1
J ′

0(λρ)λ2 dλ (5-7a)

EV
z12 =

−jωµ0

4π
2

∫ ∞

0

eγ1z
′−γ2z

k2
1γ2 + k2

2γ1
J0(λρ)λ3 dλ (5-7b)

EH
ρ12 =

−jωµ0

4π

(

2

∫ ∞

0

eγ1z
′−γ2z

k2
1γ2 + k2

2γ1
J ′′

0 (λρ)λ3 dλ + U12

)

(5-7c)

EH
φ12 =

jωµ0

4π

(
2

ρ

∫ ∞

0

eγ1z
′−γ2z

k2
1γ2 + k2

2γ1
J ′

0(λρ)λ2 dλ + U12

)

(5-7d)

EH
z12 =

jωµ0

4π
2

∫ ∞

0

γ1e
γ1z

′−γ2z

k2
1γ2 + k2

2γ1
J ′

0(λρ)λ2 dλ (5-7e)

which are evaluated by numerical integration. Similar equations result with the integrals
(5-5) and (5-6).

5.1.2 Numerical evaluation of the Sommerfeld Integrals

The Sommerfeld Integrals in (5-7) cannot be evaluated in closed form. Various tech-
niques have been used to obtain numerical or analytic approximations of these integrals,
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including numerical integration, asymptotic techniques and quasistatic approximations. Of
these, only numerical evaluation has been able to provide values with high accuracy for sep-
arations of source and evaluation points on the order of a wavelength and for a wide range
of ground parameters.

A number of approaches have been tried for numerically evaluating the integrals. Siegel
and King [38] integrated along the real λ axis and Bubenik [39] applied Shanks algorithm
to accelerate the convergence of the oscillating integrand. Johnson and Dudley [40] used a
transformation of the integration variable to make the real-axis integration easier. Johnson’s
work was done as part of the development of NEC–3, and has been used to validate the NEC
algorithms.

While integration on the real λ axis offers the advantages of a real argument and easily
determined zeros of the Bessel function, many of the troublesome features of the integrand
can be avoided by deforming the integration contour into the complex λ plane. Lytle and
Lager [41] integrated along contours suggested by the form of the steepest-descent contours
for the integrands. Parhami et al. [42] integrated on the actual steepest-descent contours
with source and evaluation points on the same side of the interface. Numerical integration
on the steepest-descent contour is a very efficient way of evaluating the integrals when the
separation of source and evaluation points is large, since the integrand converges rapidly
with minimum oscillation. However, when the separation is on the order of a wavelength,
little is gained by following the steepest-descent contour in the vicinity of the origin, and
more benefit may be gained by staying away from the pole near k2. Also, when source and
evaluation points are on opposite sides of the interface it is much more difficult to determine
the saddle points and steepest descent paths.

An alternate integral form, known as the exact image method, has been obtained by
Lindell [43] which is more easily evaluated numerically than (5-3) in some cases. In addition,
linear filtering techniques have been applied in evaluating the integrals [44].

In NEC, the Sommerfeld integrals are evaluated by numerical integration along contours
chosen to obtain rapid exponential convergence of the integrand. The basic technique is that
used by Lytle and Lager [41], with some refinements to the contours. Since the integrands
of V12 and U12 and the derivatives of V12 in (5-7) have similar properties over the complex
λ plane, the integral (5-3) will be considered as typical. The integrands have branch points
at ±k1 and ±k2 due to the square roots in γ1 and γ2. The branch cuts will be chosen to be
vertical, as shown in Fig. 5-2. The implications of this choice of branch cuts and the choice
of Riemann sheets are discussed in [41].

The key to rapid convergence in the numerical integration is to exploit the exponential
decay of the exponential and Bessel functions for large λ. The integration contour is deformed
from the real axis into the complex plane, without crossing branch cuts or the pole, to
optimize convergence. The contour used with the integrals in the form of (5-3) is shown in
Fig. 5-2. The dominant factor for convergence in this case is the exponential function as
λR increases. The Bessel function oscillates with slow convergence for increasing λR and
grows exponentially as |λI | increases. Hence it is of little help in convergence but restricts
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Fig. 5-2 Contour for evaluation of the Bessel function form of the Sommerfeld integrals.

the contour to small ρ|λI |. The contour off of the real axis avoids the rapid oscillation and
possible spike in the integrand in the region of k2. The break in the contour was chosen at
p0 = (1 + j) min[1/ρ, 1/(|z| + |z′|)].

When (|z|+ |z′|)/ρ is small, excessive oscillation can be encountered before convergence
on the contour of Fig. 5-2. It is then easier to evaluate the integrals in the form of (5-5).
This integral can be written as

V12 =

∫ ∞

−∞
G(λ)e−F (λ) dλ (5-8)

where

G(λ) =
λH

(2)
0 (λρ)ejλρ

k2
1γ2 + k2

2γ1

and
F (λ) = γ2z − γ1z

′ + jλρ.

The function G(λ) is relatively slowly varying, and the rapid oscillation is introduced by the
exponential term. This behavior of the integrand is used in deriving asymptotic approxi-
mations for large ρ and z by the method of steepest descent. It also suggests an optimum
contour for numerical integration. The steepest descent path passes through a saddle point,
which is the solution of the equation

d

dλ
F (λ) = 0

and follows a path on which the imaginary part of F (λ) is constant. The exponential term
in (5-8) provides rapid convergence without oscillation on the steepest descent path. A
difficulty in using the steepest descent contour for numerical integration is that the saddle
points and each point on the steepest descent contour must be found by iteration when
source and evaluation points are on opposite sides of the interface. However, for small to
moderate values of ρ, z and z′, much of the contribution to the integral comes from regions
where |λ| � max(|k1|, |k2|). In this case F (λ) can be approximated as

F (λ) ≈ λ[S±(|z′| + |z|) + jρ]
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Fig. 5-3 Contours for evaluation of the Hankel function form of the Sommerfeld integrals.

where, for Im(λ) < 0

S± =

{
1 for Re(λ) > max[Re(k1), Re(k2)]

−1 for Re(λ) < min[Re(k1), Re(k2)].

The asymptotic form of the steepest-descent contour, on which Im[F (λ)] is constant, is then
approximated by the condition

Im(λ)

Re(λ)
= −S±

ρ

|z| + |z′| .

The basic contour used with the Hankel function form of the integrals is shown in Fig.
5-3a, where

θ = tan−1

(
ρ

|z| + |z′|

)

.

The break points were determined by trial to reduce computation time. The points p1 and
p2 are chosen to avoid the rapid variations of the integrand in the region of k2 without
excessively increasing the contour length. The values depend on the separation of source
and evaluation points R = [ρ2 + (|z| + |z′|)2]1/2, since this parameter influences the cost of
increasing the contour length. The values used are

p1 =k2 + (−1 + j)Dmin

p2 =k2 + (1 + j)Dmin

where

Dmin = k2 min

[(
0.06

k2R
+ 0.04

)

,
0.8

1 + (z − z′)/ρ

]

However, Re(p2) is not allowed to be greater than Re(k1 + k2)/2. The point p3 is chosen as

p3 = max[1.01Re(k1), 1.2Re(k2)] + j0.95Im(k1)

to just miss k1 but maintain a minimum distance from k2. When R is large, |z| + |z′| is
small and Im(k1)/Re(k1) is small the contour in Fig. 5-3b is used to avoid oscillations on the
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path from p2 to p3. In the numerical evaluation of the branch cut integral, the integration
variable is changed to s where λ = k1 + js2 to remove the infinite derivative with respect to
λ at λ = k1.

The integration along these contours is accomplished with an adaptive interval-width
Romberg integration routine [45] which evaluates three- and five-point Romberg quadrature
formulas, and cuts or expands the interval size according to an estimate of the error. The
contour in Fig. 5-2 is used for (|z| + |z′|) > 0.5ρ and the contours in Fig. 5-3 are used with
the Hankel-function form of the integrals for smaller |z| + |z′|. The algorithm in NEC can
be used with ρ = 0 or |z|+ |z′| = 0 and for R approximately in the range 10−5 < k2R < 200.
The limitation for small R is due to the changes in the integrand near the origin, relative
to the large convergence distance, and the limitation for large R is due to oscillations in the
integrand as a result of not following the exact steepest-descent contour. The accuracy has
been checked by comparing with independent numerical results from [40] and with series
approximations for small R.

5.1.3 Table-Lookup and Interpolation Techniques

When the Sommerfeld solution for a point source near ground is used in a moment-
method code the double integration, over the current distributions and over λ, can lead to
excessive computation time that severely limits the size of structures that can be modeled.
To reduce the computation time in NEC, the field near ground is evaluated by interpola-
tion in tables generated in advance by an auxiliary program that evaluates the Sommerfeld
integrals. This table-lookup approach must cover the range of separations of source and
evaluation points from essentially zero to the range at which asymptotic approximations
become accurate. Two different techniques were used to cover this range in NEC-3 and 4.
For small separations of source and evaluation points the singular component of the field is
subtracted in an analytic form, and linear interpolation is used on the remainder. At larger
separations, the most rapid spatial variation in the field is due to the phase change. The
phase functions can have a complex form, represented asymptotically by propagation along
two separate ray paths. For these larger distances, NEC uses an interpolation algorithm in
which functions suggested by the asymptotic approximations to the field are fit to numeri-
cally computed field values. This approach, which can be considered a form of model-based
parameter estimation, requires substantially fewer field evaluations than would polynomial
interpolation.

The linear interpolation technique in NEC–3 and 4 is similar to that in NEC–2. However,
since NEC–2 was limited to source and evaluation points above ground, the field depended
on only two parameters: the sum of the distances of the points from the interface and
their radial separation. The field transmitted across the interface depends on the individual
distances of the points from the interface, so a three-parameter interpolation is needed. As
in NEC–2, the singular terms are subtracted from the field in analytic form. This step
offers two advantages. The remainder functions to be interpolated remain smooth as the
separation R goes to zero, so that the point ρ = z = z′ = 0 can be included in a table with
uniform increments. Also, the integrals of the R−2 and R−3 terms, which have the same
form as in the free-space field, can be evaluated with high accuracy using the equations from
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section 4. The accurate evaluation of these singular terms makes it possible to model wires
very close to the interface. The remainders from the field components after subtracting the
singularities are

E′′V
ρ12 = EV

ρ12 − SV
ρ12 − S′V

ρ12 (5-9a)

E′′V
z12 = EV

z12 − SV
z12 − S′V

z12 (5-9b)

E′′H
ρ12 = EH

ρ12 − SH
ρ12 − S′H

ρ12 (5-9c)

E′′H
φ12 = EH

φ12 − SH
φ12 − S′H

φ12 (5-9d)

E′′H
z12 = EH

z12 − SH
z12 − S′H

z12 (5-9e)

where the R−2 and R−3 singularities in the fields are canceled by the terms

SV
ρ12 =

−jωµ0

4π

2

k2
1 + k2

2

[

ρ(z − z′)

(
3

R2
+ j

3k2

R
− k2

2

)]
e−jk2R

R3

SV
z12 =

−jωµ0

4π

2

k2
1 + k2

2

[

(z − z′)2
(

3

R2
+ j

3k2

R
− k2

2

)

− 1 − jk2R + k2
2R

2

]
e−jk2R

R3

SH
ρ12 =

−jωµ0

4π

2

k2
1 + k2

2

[

ρ2

(
3

R2
+ j

3k2

R
− k2

2

)

− 1 − jk2R

]
e−jk2R

R3

SH
z12 =

−jωµ0

4π

2

k2
1 + k2

2

(1 + jk2R)
e−jk2R

R3

SH
φ12 =

−jωµ0

4π

2

k2
1 + k2

2

[

ρ(z − z′)

(
3

R2
+ j

3k2

R
− k2

2

)]
e−jk2R

R3

which have the form of the free-space fields. The remaining R−1 singularities are canceled
by subtracting the terms

S′V
ρ12 =

−jωµ0

4π

[

C2
1 − sin θ

cos θ
− C1

z′ cos θ

R

]
e−jk2R

R

S′V
z12 =

−jωµ0

4π

[

C2 − C1
z′ sin θ

R

]
e−jk2R

R

S′H
ρ12 =

−jωµ0

4π

[

C2

(
sin2 θ − sin θ

cos2 θ

)

+ C1
z′

R

(

sin θ − 1 − sin θ

cos2 θ

)

+ 1

]
e−jk2R

R

S′H
φ12 =

jωµ0

4π

[

−C2
1 − sin θ

cos2 θ
+ C1

z′(1 − sin θ)

R cos2 θ
+ 1

]
e−jk2R

R

S′H
z12 =

jωµ0

4π

[
k2
1C2

k2
2

(1 − sin θ)

cos θ
+ C1

z′ cos θ

R

]
e−jk2R

R

with R = [ρ2 + (z − z′)2]1/2, sin θ = (z − z′)/R and

C1 =
k2
1 − k2

2

k2
1 + k2

2

, C2 = k2
2

k2
1 − k2

2

(k2
1 + k2

2)
2
.
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When k2R is sufficiently small, the subtraction is done in the integrands of the Sommerfeld
integrals, as shown in Appendix H, to avoid loss of precision. When |k1R| is not small the
subtraction should not be done, since the subtracted terms do not include the attenuation
through the earth, and precision may be lost by subtracting and adding the much larger
terms.

In NEC–2 only the R−2 and R−3 components of the field were subtracted and the
remainder was multiplied by R to get a finite value at R = 0. When this is done, the limit
as R goes to zero depends on the ratio of (z + z′) to ρ. In NEC–2, the interpolation was
done in R and θ coordinates so that a limit could be defined at R = 0. For the field crossing
the interface it is difficult to choose a set of three parameters such that the limit for R → 0
can be defined, the parameters range between constant limits and the tables with different
interval sizes can be fitted together. Hence the added complexity of subtracting the R−1

terms was necessary. The remainder is multiplied by R so that the value is zero at R = 0.

The interpolation space in ρ, z and z′ is divided into three regions for increasing depth
of the source. The ranges of z′ for these tables are 0 < |z′| ≤ 0.4Lg in table 1, 0.4Lg ≤
|z′| ≤ Lg in table 2 and Lg ≤ |z′| ≤ Lmax in table 3, where Lg = min(|k2/k1|, 0.3)λ0 and
Lmax = min(15|k2/k1|, 1.)λ0. The limits of ρ and z in each table are 0 ≤ ρ ≤ LG and
0 ≤ z ≤ LG. Before being stored in the tables, the field values are divided by functions to
reduce the variations and make interpolation easier. For table 1 the singular components are
subtracted during evaluation, leaving a remainder that is finite as R approaches zero, but
subtraction is not done in the other tables. The values are then multiplied by

F1 =Rejk2R

F2 =R2ej[k2(ρ
2+z2)1/2+k1|z′|]

F3 =R2ej[k2z+k1(ρ
2+z′2)1/2]

for tables 1, 2 and 3, respectively, to reduce the phase variation and improve the accuracy
of the interpolation. These transformations are reversed after the values have been obtained
from the tables by interpolation.

The transformed field values are then stored in tables, and the values needed are ob-
tained by linear interpolation, using the formula

f̃(ρ, z, z′) =
1

(ρi − ρj)(zk − z�)(z′m − z′n)

[
(ρ − ρj)(z − z�)(z

′ − z′n)fikm

+ (ρ − ρj)(z − z�)(z
′
m − z′)fikn + (ρ − ρj)(zk − z)(z′ − z′n)fi�m

+ (ρ − ρj)(zk − z)(z′m − z′)fi�n + (ρi − ρ)(z − z�)(z
′ − z′n)fjkm

+ (ρi − ρ)(z − z�)(z
′
m − z′)fjkn + (ρi − ρ)(zk − z)(z′ − z′n)fj�m

+ (ρi − ρ)(zk − z)(z′m − z′)fj�n

]

where ρi ≤ ρ ≤ ρj , zk ≤ z ≤ z� and z′m ≤ z′ ≤ z′n and fikm = f(ρi, zk, z
′
m). If the singular

terms have been subtracted, the S′ components are added to the interpolated values, and the

41



result is integrated over the current distribution using adaptive Romberg quadrature [45].
The integrals of the singular S terms are evaluated using the free-space field algorithms,
since these terms have the form of the free space field.

In NEC–2, cubic interpolation is used in the two-parameter tables. This could give
better accuracy than the linear interpolation in NEC–3, or alternately allow larger parameter
increments. However, a three-dimensional cubic interpolation was not used to minimize
complexity and evaluation time.

Interpolation Using Model-Based Parameter Estimation

For larger separations of source and evaluation points than are used in the linear in-
terpolation tables, particularly larger values of ρ, the phase variation cannot effectively be
suppressed by dividing by a simple factor, since the phase has a more complex form. In
asymptotic approximations the field is represented by two rays, one reaching the interface
at an angle less than the totally reflecting angle and diffracting into the upper half-space,
and the other reaching the interface at an angle greater than the totally reflecting angle
and producing an evanescent field above the interface and a reflected wave in the ground.
This asymptotic solution suggests the forms for functions that can be used in a model-based
interpolation procedure, in which functions chosen on physical or mathematical grounds to
be close to the expected field behavior are fit to computed field samples. If suitable model-
based interpolation functions can be found, the number of stored data values can be greatly
reduced from that needed with simple polynomial interpolation.

In the asymptotic model, the rays have phase factors of the form

P1(ρ, z, z′) =e−F (λ1)

P2(ρ, z, z′) =e−F (λ2)

where
F (λ) = (λ2 − k2

2)
1/2z − (λ2 − k2

1)
1/2z′ + jλρ

and λ1 and λ2 are saddle points of the integrand, which are solutions of the equation F ′(λ) =
0 for the particular values of ρ, z and z′. The solutions are chosen so that Re(λ1) ≤ Re(k2)
and Re(k2) < Re(λ2) ≤ Re(k1). In addition, the field will involve spreading factors, such as
R−n

1 with P1 and R−n
2 with P2, which can be approximated as

R1 =[ρ2 + (z − |k2/k1|z′)2]1/2

R2 =[ρ2 + z′2]1/2

and angle factors such as z/R, z′/R, ρ/R, etc. The field may then be approximated by a
sum of functions

Ẽ(ρ, z, z′) =

Nf∑

n=1

Anfn(ρ, z, z′)

where each fn is a product of a phase factor, a spreading factor and an angle factor. The
coefficients An are determined by fitting Ẽ to values of the field determined by numerical
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evaluation of the Sommerfeld integrals at Nf or more points over ρ, z and z′. In NEC, the
number of samples exceeds Nf . The over-determined system of equations is then solved by

the method of Q-R decomposition [46]. The resulting Ẽ represents a least-squares fit to
the computed field values. With the constants An determined in this way, Ẽ can be used
to interpolate or extrapolate from the computed points that were fit. If the fn are good
approximations to the field behavior, then considerably fewer computed values should be
needed for a given accuracy than with polynomial interpolation.

In NEC–3 and 4, this least-squares approximation technique is used with the sum of
functions

Ẽ(ρ, z, z′) =
3∑

�=1

3∑

m=0

2∑

n=0

A�mnR−�
1

(
z

R1

)m (
z′

R1

)n

e−j(β2z−β1z
′+λ1ρ)

+
8∑

�=1

B�F�(ρ, z, z′) (5-10)

where

F1(ρ, z, z′) =R−1
1

(
ρ

R1

) (
z′

R1

)

e−j(β3z+k1R2)
1/2

F2(ρ, z, z′) =R−1
1

(
ρ

R1

) (
z′

R1

)2

e−j(β3z+k1R2)
1/2

F3(ρ, z, z′) =R−1
1 R−1

2

(
ρ

R1

)

e−j(β3z+k1R2)
1/2

F4(ρ, z, z′) =R−1
1 R−1

2

(
ρ

R1

) (
z′

R1

)

e−j(β3z+k1R2)
1/2

F5(ρ, z, z′) =F1(ρ, z, z′)

(
z

R1

)

F6(ρ, z, z′) =F2(ρ, z, z′)

(
z

R1

)

F7(ρ, z, z′) =F3(ρ, z, z′)

(
z

R1

)

F8(ρ, z, z′) =F4(ρ, z, z′)

(
z

R1

)

with β1 = (k2
1 − λ1)

1/2, β2 = (k2
2 − λ1)

1/2 and β3 = (k2
2 − λ2

2)
1/2. The saddle point λ1 is

found by solving the equation F ′(λ1) = 0 for the solution between 0 and k2, while for λ2

the approximate solution λ2 = k1ρ/(ρ2 + z′2)1/2 is used. An additional factor of ρ/R1 is
included in all terms of (5-10) for fitting the field components EV

ρ and EH
z . Also, a factor of

ρ/R1 is included in the coefficients of A1,m,n for fitting EV
z . These forms were determined

by studying the interpolation errors in using (5-10) while varying the spacing of the field
samples.
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Fig. 5-4 The three subregions used in the least-squares approximation. The sample points in ρ and z are
shown for each subregion.

In the present code, this least squares approximation is used from the outer boundary of
the interpolation region out to 3λ0 in ρ, 2λ0 in z and to a source depth of |z′| = 0.8Lg, where
Lg = min(|k2/k1|, 0.3)λ0. This region is divided into three subregions as shown in Fig. 5-4.
The field sample points used in determining the constants in (5-10) in each subregion are
given in the following table, and some of these points are indicated in Fig. 5-4. An additional
set of samples near the interface, with small spacing in ρ, is included for subregions 2 and
3 to sample the wave traveling mainly through the ground. This wave is not significant in
region 1, and the functions F� in (5-10) are dropped for this region.

The functional approximation using (5-10) over subregion 3 for a dielectric ground is
shown in Fig. 5-5. Both the low frequency (P1) and high frequency (P2) components are
present and are matched by the approximation. As can be seen, this method is effective for
extrapolation as well as interpolation.

Table 1. Ranges of sample points used in determining the coefficients in equation (5-10) to approximate
the field over each of three subregions in the ρ, z, z′ space.

General Samples Surface Samples

Coord. Start ∆ N Start ∆ N

Region 1: ρ 0. 0.2 4 0
z Lg 0.2 4 0
z′ 0. 0.4Lg 2 0

Region 2: ρ Lg to ρ = 0.6 5 Lg 0.2Lg 6
z 0. 0.5Lg 4 0. 0.4Lg 2
z′ 0. 0.4Lg 2 0. 0.5Lg 3

Region 3: ρ 0.6 0.2 5 0.6 0.2Lg 8
z 0. 0.2 4 0. 0.4Lg 2
z′ 0. 0.4Lg 2 0. 0.5Lg 3
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Fig. 5-5 Field transmitted across the interface, EV
ρ , with ε1 = 16, σ1 = 0 S/m and source depth of

z′ = 0.1λ0. A total of 88 points are fit (36 in the plane of this figure with visible ones shown) to cover the
three-dimensional region 0.6 ≤ ρ/λ0 ≤ 3.0, 0 ≤ z/λ0 ≤ 2.0 and 0 ≤ |z′|/λ0 ≤ 0.25 with less than 4 percent
error.

5.2 Asymptotic Approximations for the Field over Ground

When the separation of source and evaluation points is greater than about a wave-
length, asymptotic approximations for the Sommerfeld integrals become practical. With
higher-order terms these approximations can yield good accuracy for separations as small as
half a wavelength for some parameter ranges. The resulting formulas for arbitrary location
of source and evaluation points are not simple. The evaluation times for general asymp-
totic approximations are substantially less than for numerical evaluation of the integrals,
but greater than the time for evaluation by table-lookup and interpolation. The asymp-
totic approximations become more accurate with larger separations of source and evaluation
points, and hence can be used over the large region of space, out to infinity, that could not
be covered with lookup tables.

Asymptotic approximations for the Sommerfeld integrals are obtained by the method
of saddle-point integration on the steepest descent path. Uniformly valid approximations
for all locations of source and receiver have not been attempted here, due to the difficulties
introduced by branch points and poles in the integrand. A uniform approximation for source
and evaluation points approaching the interface is developed, using the modified saddle-point
method to account for the pole. For small radial separations of source and receiver the higher
order approximations fail, but the first-order forms remain valid. Correction terms to improve
the accuracy of the first-order approximations for small ρ are obtained by interpolation when
possible.
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5.2.1 The Steepest-Descent Method

For asymptotic evaluation of the field we will consider the case of a buried source at
z′ (z′ < 0) and an elevated receiver at z as shown in Fig. 5-1, and it will be assumed that
Re(k1) > Re(k2). Fields for other positions of source and receiver can be obtained through
the formulas in Appendix G. The Sommerfeld integrals have the general form

S(ρ, z, z′) =

∫ ∞

−∞
T (λ)H

(2)
0 (λρ)eγ1z

′−γ2z dλ (5-11)

where γ1 = (λ2 − k2
1)

1/2, γ2 = (λ2 − k2
2)

1/2 and the contour of integration is along the real
axis; just below the axis for λ ≤ 0 and just above the axis for λ > 0. Assuming that ρ
is sufficiently large that |λρ| � 1 for values of λ making a significant contribution to the
integral, the Hankel function in (5-11) can be replaced by its large-argument asymptotic
form

H
(2)
0 (λρ) ∼

(
2j

πλρ

)1/2

e−jλρ (5-12)

which yields

S(ρ, z, z′) ≈
(

2j

πρ

)1/2 ∫ ∞

−∞
λ−1/2T (λ)eγ1z

′−γ2z−jλρ dλ.

This integral has the form

I =

∫ ∞

−∞
G(λ)e−F (λ) dλ (5-13)

which is a standard form for evaluation by the steepest descent technique.

The procedure of steepest-descent evaluation of an integral is described in many text-
books. The discussions in [47] and [48] address the problem of evaluating the field near an
interface. The basic procedure is to find a solution for λs such that F ′(λs) = 0. The point
λs is then a saddle point or minimax point of F . For example, there will be a path through
λs along which the real part of F is a minimum and increases most rapidly away from λs.
Normal to this direction of maximum increase Re(F ) will decrease most rapidly away from
λs. Due to the properties of analytic functions, Im(F ) is constant along the paths on which
Re(F ) increases or decreases most rapidly. Hence the direction of most rapid increase in
Re(F ), with Im(F ) constant, is an optimum path for evaluating the integral in (5-13), since
the exponential will decrease rapidly away from λs, without oscillation. The objective is
then to deform the original integration path to pass through λs along the steepest descent
path (SDP) of the exponential, taking proper account of any singular points encountered
during the deformation.

When F ′(λs) = 0 and F ′′(λs) �= 0, an asymptotic expansion for the integral can be
developed by making a transformation for the integration variable such that

F (λ) = F (λs) + s2. (5-14)

The integral (5-13) then becomes

I = e−F (λs)

∫ ∞

−∞
g(s)e−s2

ds (5-15)
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where

g(s) = G(λ)
dλ

ds
.

The SDP in the s-plane is the real axis, with the saddle point at s = 0. For a sufficiently
large parameter in F , the exponential in (5-15) will decay to a small value over a region
about s = 0 in which g(s) is slowly varying.

An asymptotic expansion of the integral (5-15) is obtained by expanding g(s), within a
radius limited by possible singularities, as

g(s) = g(0) + g′(0)s +
g′′(0)

2
s2 + · · · + g(n)(0)

n!
sn + · · · (5-16)

and integrating term by term. The first-order approximation is

I ∼ g(0)e−F (λs)

∫ ∞

−∞
e−s2

ds =
√

πq(0)e−F (λs).

From (5-14), the quantity dλ/ds occurring in g(s) is

dλ

ds
=

2s

F ′(λ)
.

Applying L’Hôpital’s rule to evaluate the limit as s goes to zero yields

dλ

ds

∣
∣
∣
∣
s=0

=

√
2

F ′′(λs)

with arg(
√

) equal to the argument of dλ on the SDP. Hence

g(0) = G(λs)

√
2

F ′′(λs)

and the first order approximation for I is

I ∼
(

2π

F2

)1/2

e−F0G0 (5-17)

where

Fn =
dn

dλn
F (λ)

∣
∣
∣
∣
λ=λs

and Gn =
dn

dλn
G(λ)

∣
∣
∣
∣
λ=λs

.

5.2.2 Steepest-Descent Evaluation of the Sommerfeld Integrals

Evaluation of the Sommerfeld integrals in the form of (5-13) by the method of steepest
descent is complicated by the presence of branch points, which occur in both F (λ) and G(λ),
and poles in G(λ) in the integral for V12. For all field components, the function F (λ) is

F (λ) = (λ2 − k2
2)

1/2z − (λ2 − k2
1)

1/2z′ + jλρ.
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Branch points are located at ±k1 and ±k2, so that F (λ) is represented by a four-sheeted
Riemann surface.

The saddle points are solutions of the equation

F ′(λs) = λs(λ
2
s − k2

2)
−1/2z − λs(λ

2
s − k2

1)
−1/2z′ + jρ = 0. (5-18)

The contribution to the field integral from the saddle point at λs can be interpreted as a
ray traveling at an angle from the normal of θ1 in the lower medium and θ2 in the upper
medium, where k1 sin θ1 = k2 sin θ2 = λs. Solutions of (5-18) can easily be obtained in the
special cases of z′ = 0, for which

λs = k2
ρ

√
z2 + ρ2

= k2 sin θ2

and z = 0, for which

λs = k1
ρ

√
z′2 + ρ2

= k1 sin θ1.

In general, (5-18) may have two solutions on the principal Riemann sheet that may be found
by solving a quartic algebraic equation in λ2

s. It is usually more practical to find the solutions
by numerical means, however. The procedure used in NEC is described in Appendix I.

Loci of the saddle points are plotted in Fig. 5-6 for a typical case, where the upper
medium is free space and the lower medium has a complex relative permittivity of 16− j16.
Some steepest descent paths through these saddle points are shown in Fig. 5-7. The SDP
always passes through a saddle point in the region between 0 and k2. It may then go to +∞
on the principal sheet or cross onto a lower sheet at a branch cut. In the latter case, a SDP
through the second saddle point is needed to get to +∞ on the principal sheet. The saddle
point between 0 and k2 represents a ray leaving the ground at an angle less than the angle
θc = sin−1(k2/k1) for total reflection at the interface, and traveling mostly through air. As z
goes to zero this saddle point approaches k2, and the SDP closes into a branch-cut integral
in the direction of steepest descent from k2. The ray then represents a lateral wave when the
source and receiver are in the lower medium. The saddle point beyond k2 represents a ray
that reaches the interface at an angle greater than θc, and the field produced in the upper
medium is exponentially attenuated for increasing z. As z′ goes to zero this saddle point
approaches k1 and the integration path closes to a branch cut. This is the lateral wave when
the source and receiver are in the upper medium.

The branch points at ±k1 and ±k2 also occur in G(λ). However, they are not a limitation
in the series expansion of g(s), since they are removed by the transformation in (5-14). A
transformation λ = k2 sin w or λ = k1 sin w is sometimes made to explicitly remove a branch
point. These transformations do not change the result of the steepest descent evaluation,
but put the result in a form more readily interpreted in terms of rays.

For the Sommerfeld integrals involving V12 the function G(λ) has a pole in the region
between λ = 0 and k2 that approaches k2 as k1/k2 becomes large. This pole is not crossed
in deforming the integration contour to the SDP. However, the pole does affect the steepest
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Fig. 5-6 Saddle point loci for transmission across an interface, where z̃ = z/(z − z′).

Fig. 5-7 Steepest-descent paths for a source at height z′ in the ground and evaluation point at height z in
air with radial separation ρ, where z̃ = z/(z − z′) = 0.33 and θ = tan−1[ρ/(z − z′)].

descent evaluation when z and z′ are small, so that the saddle point is near to k2. The
contribution due to the pole is known as the surface wave.

The asymptotic evaluation used in NEC does not treat the general case of a function
with two branch points and a pole. The contribution of the saddle point between 0 and k2 is
evaluated with second order terms, and including the effect of the pole. This wave is usually
the dominant contribution to the field, and the evaluation yields accurate values down to
the interface for ρ as small as λ/2.
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The saddle point associated with k1 is assumed to be located at λs = k1ρ/
√

ρ2 + z′2, so
that the wave is assumed to propagate to a point on the interface directly below the receiver
and then up to height z. This approximation for the saddle point is justified since the field
attenuates exponentially with increasing z, and hence the contribution is negligible unless z
is small. The contribution from this saddle point is only evaluated to first order. Hence, the
term vanishes as z and z′ go to zero. In fact the field traveling in the lower medium does get
smaller at grazing incidence than when z′ is nonzero, but it does not vanish. An asymptotic
approximation including the waves above and below the interface and the pole contribution
has been developed by King [49] for z = 0 and |z′| 
 ρ. King demonstrates the interference
between the two waves when the loss tangent of the ground is small. A general extension of
this approximation for nonzero z and z′ would be difficult, however.

In summary, when the source and receiver are in the lower medium the asymptotic
approximations in NEC will include direct, reflected and lateral waves, while for source and
receiver on the interface or in the upper medium only the direct and reflected field with
surface wave are included. This should be sufficient for most antenna applications, since the
wave in the lower medium is usually strongly attenuated in a lossy ground. However, the
approximation cannot be used when the lateral wave in the ground is needed, as for diagnostic
purposes. Of course, all terms are included over short ranges where the Sommerfeld integrals
are evaluated numerically.

The asymptotic evaluation also becomes difficult as the rays approach normal incidence.

When z = 0 and k1 and k2 are real, the saddle point λs = k1ρ/
√

ρ2 + z′2 approaches the

branch point k2, and coincides with it when ρ/
√

ρ2 + z′2 = sin θc = k2/k1. The rays
then merge in a caustic near θc. Asymptotic approximations in this region are discussed in
[48]. It is shown that the function G(λ) in (5-13) cannot be treated as slowly varying at
the saddle point, since the transmission or reflection coefficients have an infinite derivative
at θc. The asymptotic evaluation in [48], taking into account the rapid variation of the
reflection coefficient near θc, results in a modified saddle point, so that the reflected wave
in the lower medium develops a lateral shift as it merges with the lateral wave. When the
saddle points do not merge, the effectiveness of the steepest descent evaluation may still be
reduced, since when z and ρ are small relative to |z′| the function F (λ) in (5-13) does not
change significantly until |λ| becomes greater than |k1|. As a result, higher order terms in
the asymptotic expansion may diverge until |z′| becomes very large.

Another problem as ρ becomes small is that the large argument approximation for the
Hankel function can no longer be used. However, the first-order asymptotic approximation
is valid to ρ = 0. This first-order result may be obtained from geometric optics, without
restriction on ρ, as the product of a transmission coefficient and a divergence factor for
the ray tube crossing the interface. Hence the first order approximation is used in NEC
from angles somewhat greater than θc to θ = 0. To improve the accuracy of this result,
second order asymptotic terms are interpolated from an angle greater than θc to second
order terms for ρ = 0 and added to the first order approximation. The interpolated second
order terms improve accuracy for small R when z is not too small relative to |z′|, but cannot
be used when |z′| is large compared to z. Hence, only the first-order approximations are

used when z 
 |z − z′| and ρ/
√

ρ2 + z′2 is approaching or less than sin θc. The asymptotic
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approximations used in NEC are derived below.

5.2.3 First-Order Asymptotic Evaluation of the Field

The derivation of first-order asymptotic approximations for the Sommerfeld integrals
will be demonstrated for the function V12 given by the integral

V12(ρ, z, z′) =

∫ ∞

−∞

λH
(2)
0 (λρ)

k2
1γ2 + k2

2γ1
eγ1z

′−γ2z dλ.

Substituting the large-argument form of the Hankel function from (5-12), this becomes

V12(ρ, z, z′) ≈
(

2j

πρ

)1/2 ∫ ∞

−∞

λ1/2

k2
1γ2 + k2

2γ1
eγ1z

′−γ2z−jλρ dλ. (5-19)

Equation (5-19) is then in the form of (5-13) with

G(λ) =

(
2j

πρ

)1/2
λ1/2

k2
1γ2 + k2

2γ1

and
F (λ) = (λ2 − k2

2)
1/2z − (λ2 − k2

1)
1/2z′ + jλρ

F ′(λ) = λ(λ2 − k2
2)

−1/2z − λ(λ2 − k2
1)

−1/2z′ + jρ

F ′′(λ) = −k2
2(λ

2 − k2
2)

−3/2z + k2
1(λ

2 − k2
1)

−3/2z′.

From (5-17), the first-order approximation for V12 is then

V12 ∼ 2ejπ/4
√

λs/ρ

k2
1Γ2 + k2

2Γ1

eΓ1z
′−Γ2z−jλsρ

(
k2
1Γ

−3
1 z′ − k2

2Γ
−3
2 z

)1/2
(5-20)

where Γ1 = (λ2
s − k2

1)
1/2 and Γ2 = (λ2

s − k2
2)

1/2 with λs a saddle point obtained by solving
(5-18). A term in (5-20) becomes indeterminate when ρ goes to zero. However, the result
does not blow up, since λs also goes to zero in this case. Likewise, Γ1 may go to zero with z′

and Γ2 may go to zero with z. To avoid these indeterminate terms (5-20) will be written as

V12 ∼ 2ejπ/4

k2
1Γ2 + k2

2Γ1
Ψ (5-21)

where

Ψ =
Γ1Γ2e

Γ1z
′−Γ2z−jλsρ

√
ρ
λs

(
k2
1Γ

2
2z

′/Γ1 − k2
2Γ

2
1z/Γ2

)1/2
. (5-22)

The following formulas, obtained from equation (5-18), are then evaluated to avoid dividing
by zero

z′

Γ1
=

z

Γ2
+ j

ρ

λs
for Γ1 → 0

z

Γ2
=

z′

Γ1
− j

ρ

λs
for Γ2 → 0

ρ

λs
= j

(
z

Γ2
− z′

Γ1

)

for λs → 0.
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It is seen from (5-22) that the first order asymptotic approximation for V12 is zero when
either Γ1 or Γ2 is zero. Hence the result will go to zero at the grazing angle, with z = z′ = 0.
Higher order terms are needed to obtain a valid nonzero result in this case.

From the above result, the first order asymptotic approximations for the components of
electric field are

EV
ρ (ρ, z, z′) ∼ ejπ/4ωµ0

2π

λsΓ2

k2
1Γ2 + k2

2Γ1
Ψ (5-23a)

EV
z (ρ, z, z′) ∼ e−jπ/4ωµ0

2π

λ2
s

k2
1Γ2 + k2

2Γ1
Ψ (5-23b)

EH
ρ (ρ, z, z′) ∼ e−jπ/4ωµ0

2π

( −λ2
s

k2
1Γ2 + k2

2Γ1
+

1

Γ1 + Γ2

)

Ψ (5-23c)

EH
φ (ρ, z, z′) ∼ e−jπ/4ωµ0

2π

(
jλs/ρ

k2
1Γ2 + k2

2Γ1
− 1

Γ1 + Γ2

)

Ψ (5-23d)

EH
z (ρ, z, z′) ∼ ejπ/4ωµ0

2π

λsΓ1

k2
1Γ2 + k2

2Γ1
Ψ. (5-23e)

These equations are coded in subroutine GASY1.

5.2.4 Higher-Order and Uniform Approximations

Higher-order asymptotic approximations are found by retaining additional terms in the
series (5-16) for g(s). For integration from −∞ to ∞ through a saddle point, the terms with
odd powers of s vanish. Hence the second-order approximation is obtained with the s2 term.
The explicit form in terms of F and G is given in [50], along with several higher order terms.
From equations (6.2) and (5.20) in [50], the second-order approximation when F ′(λs) = 0
and F ′′(λs) �= 0 is

I ∼
(

2π

F2

)1/2

e−F0(Q0 + Q2) (5-24)

where
Q0 = G0

Q2 =
1

24F 3
2

[
G0(5F

2
3 − 3F2F4) − 12G1F2F3 + 12G2F

2
2

]
.

Second-order approximations for the field components are given in Appendix J. These forms
cannot be used for small ρ due to the approximation of the Hankel function and other
restrictions noted in Section 5.2.2.

Higher-order asymptotic approximations are also developed in Appendix J for the case
ρ = 0, by integration on the SDP from the limit λ = 0. For coordinates (ρ, z, z′) with

0 < ρ < sin θA

√
ρ2 + (z − z′)2, where θA is somewhat greater than θc, the first-order ap-

proximations are evaluated. Second-order terms are then interpolated from ρ = 0 and
ρ = sin θA

√
ρ2 + (z − z′)2 and added to the first-order result. This interpolation improves

the accuracy when the limitation is the approximation of the Hankel function. It cannot
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help when the saddle points merge or the convergence of the exponential is slow due to ρ
and z being small relative to |z′|. In the latter cases only the first-order approximations are
used in the code.

The steepest descent approximations converge slowly when z and |z′| are small relative
to ρ due to a pole in the integrand of V12. When this occurs, the function G(λ) cannot be
considered slowly varying relative to the exponential, and the radius of convergence of the
series (5-16) is limited to the distance between the saddle point and the pole. An asymptotic
approximation taking correct account of the pole can be obtained by the modified saddle-
point method, as described in [47] and other references.

In the modified saddle-point method, a singular term is subtracted from the integrand
and evaluated separately. The integral (5-15) then becomes

I = e−F (λs)

∫ ∞

−∞
g(s)e−s2

ds = e−F (λs)

∫ ∞

−∞

[

g(s) − a

s − b

]

e−s2

ds + Ip (5-25)

where
a = lim

s→b
(s − b)g(s) = lim

λ→λp

(λ − λp)G(λ)

and from (5-14)

b =
√

F (λp) − F (λs).

The singularity is then isolated in the term

Ip = e−F (λs)

∫ ∞

−∞

a

s − b
e−s2

ds

which from equation 7.1.4 in [51] is evaluated as

Ip = ±jπae−F (λp)erfc(∓jb) =

√
πa

b
e−F (λs)Q(∓jb) for Im(b) >< 0

where erfc is the complementary error function

erfc(z) =
2√
π

∫ ∞

z
e−t2 dt

and
Q(z) = −

√
πzez2

erfc(z).

A uniform asymptotic expansion of I, including the contribution of the pole, can be ob-
tained by adding Ip to the steepest-descent approximation of the integral in (5-25) involving
g(s) with the pole removed. A more convenient procedure, used in evaluating diffraction
integrals [52], is to use the steepest-descent evaluation with g(s) containing the pole and add

Îp =

√
πa

b
e−F (λs)[Q(∓jb) − Q̂(∓jb)] (5-26)
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where Q̂(z) removes the asymptotic terms of Q(z) of the order that are contained in the
steepest-descent evaluation. The asymptotic expansion of Q(z) is, from equation 7.1.23 in
[51],

Q(z) ∼ −1 −
∞∑

m=1

(−1)m
1 · 3 . . . (2m − 1)

(2z2)m
|arg z| <

3π

4
.

Thus for a first-order uniform approximation, Îp with Q̂(z) = −1 is added to (5-17). For

second-order, Îp with Q̂(z) = −1 + 1/(2z2) is added to (5-24).

In the integral (5-19) for V12 the pole at the zero of the denominator is located at

λp =
k1k2

(k2
1 + k2

2)
1/2

and

a = lim
λ→λp

(
2j

πρ

)1/2 (λ − λp)λ
1/2

k2
1γ2 + k2

2γ1
=

(
2j

πρ

)1/2 jk
3/2
1 k

3/2
2

(k4
2 − k4

1)(k
2
1 + k2

2)
1/4

.

For the first-order approximation, the pole contribution to V12 is

Vp12 =

√
πa

b
e−F (λs)[Q(jb) + 1]

where

b =
√

F (λp) − F (λs).

Vp12 is then added to (5-21). The terms added to equations (5-23) to obtain a first-order
uniform approximation for source and receiver approaching the interface are

EV
pρ = − jωµ0

4π

∂2Vp12

∂ρ∂z
≈ −jωµ0

4π
jλp(λ

2
p − k2

2)
1/2Vp12 = −jωµ0

4π

k1k
3
2

k2
1 + k2

2

Vp12 (5-27a)

EV
pz = − jωµ0

4π

(
∂2

∂z2
+ k2

2

)

Vp12 ≈ −jωµ0

4π
λ2

pVp12 = −jωµ0

4π

k2
1k

2
2

k2
1 + k2

2

Vp12 (5-27b)

EH
pρ = − jωµ0

4π

∂2Vp12

∂ρ2
≈ jωµ0

4π
λ2

pVp12 =
jωµ0

4π

k2
1k

2
2

k2
1 + k2

2

Vp12 (5-27c)

EH
pφ =

jωµ0

4πρ

∂Vp12

∂ρ
≈ −jωµ0

4πρ
jλpVp12 =

ωµ0

4πρ

k1k2

(k2
1 + k2

2)
1/2

Vp12 (5-27d)

EH
pz =

jωµ0

4π

∂2Vp12

∂ρ∂z′
≈ −jωµ0

4π
jλp(λ

2
p − k2

1)
1/2Vp12 =

jωµ0

4π

k3
1k2

k2
1 + k2

2

Vp12 (5-27e)

The pole contribution added to the second-order approximation in Appendix J is

Vp12 =

√
πa

b
e−F (λs)[Q(jb) + 1 +

1

2b2
]
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Since the second-order approximation of the Hankel function was used in the SDP evaluation,
the terms added to equations (J-9) through (J-13) for a second-order uniform approximation
are

EV
pρ =

ωµ0

4π

(

λp −
3j

8ρ

)

(λ2
p − k2

2)
1/2Vp12 (5-28a)

EV
pz =

−jωµ0

4π

(

λ2
p +

j

8ρ
λp

)

Vp12 (5-28b)

EH
pρ =

jωµ0

4π

(

λ2
p −

7j

8ρ
λp

)

Vp12 (5-28c)

EH
pφ =

ωµ0

4πρ

(

λp −
3j

8ρ

)

Vp12 (5-28d)

EH
pz =

ωµ0

4π

(

λp −
3j

8ρ

)

(λ2
p − k2

1)
1/2Vp12. (5-28e)

The second-order uniform approximations are coded in subroutine GASY2.

5.2.5 Accuracy of the Approximations

Some tests of the accuracy of the asymptotic approximations are shown in figures Fig.
5-8 through Fig. 5-16. The relative errors were determined by comparison with the results
of numerical evaluation of the Sommerfeld integrals. The result shown as a solid line is from
the NEC subroutine GEASY which chooses an appropriate approximation for the given
coordinates of source and receiver. The basic approximation is the second-order uniform
result, including the surface wave. When θ = tan−1(ρ/|z−z′|) is less than θA = 11.3 degrees
the first-order approximation is evaluated and higher-order terms are interpolated between
θ = 0 and θA. The error for the first-order asymptotic approximation is also shown on the
plots. When the source is located at the interface (z′ = 0) the relative errors for the Norton
approximations [36], used in NEC–2, are shown as a dashed line. The Norton approximations
are limited to source and receiver on or above the interface.

Errors for a ground with ε̃1 = ε1−jσ1/ωε0 = 16−j16 are shown in Fig. 5-8 through Fig.
5-13. In most cases the errors from the NEC asymptotic approximations are substantially
smaller than those from the Norton formulas or the first-order asymptotic results. The
Norton formulas sometimes converge to a constant error, but this error level would decrease
as |ε̃1|−1.

The convergence is slower when θ and z̃ = z/|z−z′| are both small. When z̃ is less than
0.05, NEC uses the first-order approximations, since higher-order terms increase the error.
The first-order result for EV

z vanishes as θ goes to zero, since it represents only the R−1

term and the field has only higher-order components at θ = 0. Hence this important field
component is lost when source and evaluation points are both in the ground on a vertical
line. The table-lookup algorithms are used to a depth of a free space wavelength for small
θ to partially fill this gap. Interactions with the interface involving EV

z from greater depth
in lossy ground can usually be neglected in antenna applications. For ε̃1 = 16 − j16 the
attenuation is about 10−10 at R/λ0 = 2.
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The errors along the interface when ε̃1 = 16 − j0 are shown in Fig. 5-14. Both NEC
and Norton approximations show poor convergence since they neglect the lateral wave in
the ground. The R−1 component of this wave will appear in the NEC approximation as
the source is lowered into the ground. The real parts of the field components are plotted in
Fig. 5-15. It is seen that the lateral wave in the ground is the dominant term in EH

φ , which
accounts for the lack of convergence for this component. The errors for a dielectric ground
decrease rapidly with height, as shown in Fig. 5-16.

The algorithm presently used in NEC to evaluate the field near ground, combining linear
interpolation, least-squares approximation and asymptotic approximations, has been chosen
to supply accurate field values for typical antenna applications, such as antennas on ground
stakes or with buried or elevated screens. It can be seen that there are cases in which larger
errors can occur. One such case is the interaction between two points at a significant depth
in the ground, where the interaction via the interface is near the totally reflecting angle.
The attenuation through a lossy ground should reduce the importance of this interaction.
It should not be too difficult to add to or extend the algorithms to improve the accuracy.
If necessary, a more extensive interpolation table, involving only two parameters, could be
used for evaluating interactions between points that are both in the ground.

5.3 The Reflection Coefficient Approximation

The image equivalent of a source over a ground plane provides a simple and fast way to
model the effect of ground on an antenna. If the ground is perfectly conducting, the structure
and its image are exactly equivalent to the structure over the ground. Since the image only
doubles the time to compute the field, it is always used with a perfectly conducting ground.
NEC also includes an image approximation for a finitely conducting ground, in which the
image fields are modified by the Fresnel plane-wave reflection coefficients. Although this
model is far from exact for a finite ground, it has been shown to provide useful results for
structures that are not too near to the ground [11, 32, 33]. When it can be used, the reflec-
tion coefficient approximation is two to four times faster than the Sommerfeld/Asymptotic
method and avoids the need of computing the interpolation tables.

Implementation of the image and reflection coefficient methods in the code is relatively
simple. For a perfectly conducting ground the Green’s function in the kernel of the integral
equation becomes the sum of the free-space Green’s function for the source and the negative
of the free-space Green’s function of the image. The negative sign results from the reversal
of the sign of charge on the image. For the electric field, with free-space Green’s dyadic
¯̄G(r, r′) defined in (1), the Green’s dyadic for a perfect ground is

¯̄Gpg(r, r
′) = ¯̄G(r, r′) + ¯̄GI(r, r

′) (5-29)

where
¯̄GI(r, r

′) = −¯̄IR · ¯̄G(r, ¯̄IR · r′) (5-30)

and ¯̄IR = x̂x̂ + ŷŷ − ẑẑ is a dyadic that produces a reflection in the z = 0 plane when used
in a dot product. Similarly, for the magnetic field with free-space Green’s dyadic

¯̄Γ(r, r′) = ¯̄I ×∇′g(r, r′)
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Fig. 5-8 Relative errors in the second-order asymptotic approximation including surface wave and the
Norton approximation for z = z′ = 0. The complex permittivity of the ground is 16 − j16. The error for
EH

z is the same as for EV
ρ .

57



Fig. 5-9 Relative errors in the first-order and the second-order plus surface wave asymptotic approximations
and the Norton approximation for θ = tan−1[ρ/(z − z′)] = 50◦ and z′ = 0. The complex permittivity of the
ground is 16 − j16.
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Fig. 5-10 Relative errors in the first-order and the second-order plus surface wave asymptotic approximations
and the Norton approximation for θ = tan−1[ρ/(z − z′)] = 20◦ and z′ = 0. The complex permittivity of the
ground is 16 − j16.
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Fig. 5-11 Relative errors in the first-order and the second-order plus surface wave asymptotic approximations
and the Norton approximation for θ = tan−1[ρ/(z − z′)] = 10◦ and z′ = 0. The complex permittivity of the
ground is 16 − j16.
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Fig. 5-12 Relative errors in the first-order and the second-order asymptotic approximations and the Norton
approximation for θ = tan−1[ρ/(z−z′)] = 0◦ and z′ = 0. The complex permittivity of the ground is 16− j16.
The EV

ρ and EH
z components are zero.
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Fig. 5-13 Relative errors in the first-order asymptotic approximations for θ = tan−1[ρ/(z − z′)] = 1◦ and
z̃ = z/(z − z′) = 0.01. The complex permittivity of the ground is 16 − j16.

62



Fig. 5-14 Relative errors in the second-order asymptotic approximation including surface wave and the
Norton approximation for z = z′ = 0. The complex permittivity of the ground is 16 − j0. The large errors
are due to the absence of a term representing a lateral wave in the ground in either approximation for grazing
incidence.

63



Fig. 5-15 Real part of the field components computed by numerical evaluation of the Sommerfeld integrals
(———–) and the second-order asymptotic approximations (– – – –) for z = z′ = 0. The complex permittivity
of the ground is 16 − j0.
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Fig. 5-16 Relative errors in the first-order and the second-order plus surface wave asymptotic approximations
and the Norton approximation for θ − tan−1[ρ/(z − z′)] = 80◦ and z′ = 0. The complex permittivity of the
ground is 16 − j0.
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the Green’s dyadic over perfect ground is

¯̄Γpg(r, r
′) = ¯̄Γ(r, r′) + ¯̄ΓI(r, r

′) (5-31)

where
¯̄ΓI(r, r

′) = −¯̄IR · ¯̄Γ(r, ¯̄IR · r ′). (5-32)

In the reflection coefficient approximation for finitely conducting ground the image
fields are multiplied by the Fresnel reflection coefficients. The coefficients are derived by
considering an incident plane wave that produces a reflected wave and a wave refracted into
the opposite medium. The field is resolved into TE and TM components relative to the plane
of incidence formed by the incident ray and the normal to the interface. The TE component,
with E normal to the plane of incidence, will be termed horizontal polarization, and the
TM component, with E in the plane of incidence, will be vertical polarization. Matching the
boundary conditions on the field components at the interface yields the reflection coefficients
[30]

RV =
cos θ − ZR

√
1 − Z2

R sin2 θ

cos θ + ZR

√
1 − Z2

R sin2 θ
(5-33)

RH =

−
(

ZR cos θ −
√

1 − Z2
R sin2 θ

)

ZR cos θ +
√

1 − Z2
R sin2 θ

(5-34)

where cos θ = −k̂ · ẑ and ZR = (ε1 − jσ1/ωε0)
−1/2. The signs have been chosen so that both

coefficients go to 1 for perfectly conducting ground, and the reference directions for the field
components are shown in Fig. 5-17.

Fig. 5-17 Reflection of a plane wave from an interface.
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The reflection coefficients can also be written in terms of surface impedance and admit-
tance for the TE and TM polarizations as

RV = −Y TE
0 − Y TE

s

Y TE
0 + Y TE

s

RH =
ZTM

0 − ZTM
s

ZTM
0 + ZTM

s

where
Y TE

0 = η−1
0 cos θ, Y TE

s = η−1
1 cos θt

ZTM
0 = η0 cos θ, ZTM

s = η1 cos θt

with η0 =
√

µ0/ε0, η1 =
√

µ0/ε1 and cos θt = [1 − (k0/k1)
2 sin θ]1/2.

The reflected fields due to incident fields EV and EH, with vertical and horizontal
polarization respectively, are

EV
R = − RV

(
¯̄IR · EV

)

EH
R = − RHEH

and the reflected magnetic field components are

HV
R =RV HV

HH
R =RH

(
¯̄IR · HH

)
.

An incident field with arbitrary polarization must be resolved into horizontal and vertical
components to determine the reflected field. If p̂ is the unit vector normal to the plane of
incidence, the reflected field due to an incident field E is

ER =RH (EI · p̂) p̂ + RV [EI − (EI · p̂) p̂]

=RV EI + (RH − RV ) (EI · p̂) p̂ (5-35)

where EI is the field from the image of the source. Use of the image field in (5-35) accounts
for the changes in sign and vector direction of the field that were shown explicitly for the
vertically and horizontally polarized cases. For the magnetic field,

HR = RHHI + (RV − RH) (HI · p̂) p̂

where HI is the magnetic field from the image of the source. Dyadic Green’s functions for
use in the integral equations can be constructed as

¯̄Gg(r, r
′) = ¯̄G(r, r′) + ¯̄GR(r, r′) (5-36)

¯̄Γg(r, r
′) =¯̄Γ(r, r′) + ¯̄ΓR(r, r′) (5-37)

where
¯̄GR(r, r′) = RV

¯̄GI(r, r
′) + (RH − RV ) p̂

[
p̂ · ¯̄GI(r, r

′)
]
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¯̄ΓR(r, r′) = RH
¯̄ΓI(r, r

′) + (RV − RH) p̂
[
p̂ · ¯̄ΓI(r, r

′)
]

with p̂ = p/|p |, p = (r − r′) × ẑ and ¯̄GI and ¯̄ΓI are from (5-30) and (5-32).

The Fresnel reflection coefficients are exact when the wave reflecting from the ground
is a plane wave, as that from a distant point source. The plane-wave reflection formulas also
give the correct result for the field at a distant evaluation point when the source is near the
interface, as can be seen by applying the reciprocity principle. More generally, the sum of
the distances of the source and evaluation points from the interface should be large for the
plane wave reflection solution to apply, although it becomes exact in any case in the limit of
perfectly conducting ground. In practice, the reflection coefficient approximation has been
found to give satisfactory results for antennas at least 0.1λ0 above the interface [11, 32, 33].
However, it is not suitable for modeling long wires over lossy ground. In fact, it may produce
a solution in which the current grows exponentially away from the source [53].

The first-order asymptotic approximations obtained by steepest-descent evaluation of
the Sommerfeld integrals include the same coefficients as (5-33) and (5-34). However, in
the first-order asymptotic solution the coefficients multiply only the R−1 components of the
fields, while in the reflection coefficient approximation they multiply the total near field.
While there is no clear justification for including the near-field terms in the reflection coeffi-
cient approximation, the result has been found to provide a useful asymptotic approximation
for a field component such as EV

z with ρ = 0, in which the R−1 term vanishes. The reflection
coefficient approximation is only used in NEC for source and evaluation points above the
ground. When source and evaluation points are in the earth the approximation was found to
converge very slowly. An approximation for evaluating the field when source and evaluation
points are on opposite sides of the interface can be obtained from the Fresnel transmission
coefficients multiplied by a factor to account for the change in divergence of a ray tube
on crossing the interface. The divergence factor is generally determined for conservation of
power in a ray tube assuming a R−1 field, so its application to the total near field may be
questionable. The transmission coefficient approximation is not in the present version of
NEC.

NEC also includes a reflection coefficient approximation for a radial-wire ground screen.
This model is based on an approximation developed by Wait [54] for the surface impedance of
a wire mesh on the surface of a finitely conducting ground. The use of the surface impedance
in determining the reflection coefficients in a moment-method solution was demonstrated by
Miller and Deadrick [55]. Using Wait’s result, the surface impedance of the ground screen is
approximated as

Zg(ρ) =
jµ0ωρ

N
ln

(
ρ

NC0

)

(5-38)

where N is the number of radial wires in the screen and C0 is the radius of the wires.
Equation (5-38) is the surface impedance from Wait’s result for a grid of parallel wires
having the spacing that the radial wires have at a distance ρ from the center of the screen.
The impedance of the grid is combined in parallel with the impedance of the ground which
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for high conductivity is approximately

ζ1 =

[
µ0

ε0(ε1 − jσ/ωε0)

]1/2

.

The screen and ground together then have a surface impedance of

ζe =
ζ1Zg

ζ1 + Zg
.

If the intrinsic impedance of the upper medium is η0 the reflection coefficients are

RH =
η0 − ζe cos θ

η0 + ζe cos θ

RV =
η0 cos θ − ζe

η0 cos θ + ζe
.

For this surface-impedance approximation for a ground screen to be valid the refractive
index of the ground must be large compared to unity and the spacing of wires in the grid
must be much less than the wavelength. Due to the assumption of specular reflection,
only the properties of the ground directly under a vertical antenna will affect its current
distribution. At the origin of the radial-wire screen the impedance is zero (Zg is not allowed
to be negative) so the impedance and current distribution of a vertical antenna at the origin
will be the same as over a perfectly conducting ground. The far fields will demonstrate the
effect of the screen as the specular point moves away from the origin, although the effect of
diffraction from the edge of the screen is absent. For antennas other than a vertical monopole,
it should be remembered that the anisotropic nature of the screen has not been considered
in this approximation. The extension of the approximation to account for anisotropy in a
mesh screen was considered in [55].
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6. Solution of the Matrix Equation

The matrix equation resulting from the Moment Method solution for wires and patches
in NEC is solved by factoring the matrix into a product of upper and lower triangular matrices
by Gauss elimination. The triangular matrices are saved and used to obtain the solutions for
any number of excitations by a simple process of forward and backward substitution. Since
the time to factor the matrix is proportional to the matrix order cubed, the solution time
becomes critical for large problems.

When symmetry occurs in the structure, such that the complete structure can be formed
by reflecting or rotating a subsection, the solution time and required computer memory can
be reduced by decomposing the solution into a sum of eigenmodes. The solution is then
obtained by solving a smaller matrix equation for each mode. The code also can implement
a partitioned-matrix solution so that the matrix for a basic model can be saved in LU
factored form, and the solution with additions to that model can be obtained with minimum
computation. This partitioned-matrix solution, termed the Numerical Green’s Function
(NGF), can be used when moving an antenna around on a large model such as a ship, and
also to take advantage of symmetry in part of a model when unsymmetric parts must be
included. These matrix solution techniques are described in this section.

6.1 Solution of the Matrix Equation by L-U Factorization

The matrix equation in NEC is solved by factoring the matrix into a product of lower
and upper triangular matrices. The matrix A = [aij ] is factored so that A = LU = [�ik][ukj ]
where L is a lower triangular matrix with ones on the diagonal and U is an upper triangular
matrix. The matrix equation [aij ][Ij ] = [Ei] then becomes

[�ik][ukj ][Ij ] = [Ei] (6-1)

which is easily solved by first solving

[�ik][fk] = [Ei] (6-2)

and then solving
[ukj ][Ij ] = [fk]. (6-3)

The matrix is factored using a standard Gauss-elimination algorithm [56]. The elements
of the L and U matrices are evaluated by sequentially solving equations resulting from the
matrix product. The elements of the first columns of L and U are obtained by solving the
equations

a11 = u11

ai1 = �i1u11, i = 2, . . . , n.

The second columns are then obtained from

a12 = u12

a22 = �21u12 + u22

ai2 = �i1u12 + �i2u22, i = 3, . . . , n
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and the general form for column r is

a1r = u1r

a2r = �21u1r + u2r

...

arr = �r1u1r + �r2u2r + · · · + �r,r−1ur−1,r + urr

air = �i1u1r + �i2u2r + · · · + �i,r−1ur−1,i + �irurr, i = r + 1, . . . , n.

The coefficients of the L and U matrices can be written over the matrix A in memory and
saved for use with multiple right-hand sides in (6-1). The solution is obtained by evaluating
(6-2) as

fi =
1

�ii

⎛

⎝Ei −
i−1∑

j=1

�ijfj

⎞

⎠ , i = 1, . . . , n

and then evaluating (6-3) as

Ii = fi −
n∑

j=i+1

uijIj , i = n, n − 1, . . . , 1.

In the algorithm used in NEC, row interchanges are applied at each step of the Gauss
elimination to obtain the pivot element of maximum magnitude. Using the maximum pivot
element scaled by the equation size would be a better strategy. However, the equations in the
moment-method solution will usually be of similar size, so this should not be too important.
The EFIE for thin wires generally produces equations with diagonal elements several orders
of magnitude larger than elements at least several rows off of the diagonal. Hence, the wire
part of the matrix should be well conditioned, and use of optimum pivot elements may not
be necessary. However, the propagation of roundoff errors in very large matrices, with orders
of several thousand, has not been studied, so partial pivoting is retained in the code.

6.2 Solution for Symmetric Structures

Structures to be modeled often have symmetries or repetition patterns within their
structure that can be exploited to reduce the computation time and storage requirements.
Types of symmetry include rotational symmetry of degree Np, where the structure repeats
exactly on rotation about an axis by an angle 2π/Np, and reflection symmetry, where the
complete structure can be formed by reflecting a sub-unit in one, two or three orthogonal
planes. NEC can take advantage of overall rotational and reflection symmetry both in
evaluating and solving the matrix equation. It can also take advantage of a situation where
part of the structure is symmetric but unsymmetric parts are also present. A partitioned-
matrix solution is used in the latter case as described in the next section.

A structure with rotational symmetry of order Np consists of Np identical sections with
section number i rotated from section 1 by an angle 2π(i−1)/Np. If the segments and patches
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are numbered in the same order in each section the resulting matrix has the structure
⎛

⎜
⎜
⎜
⎜
⎝

A1 A2 A3 A4 · · · ANp

ANp A1 A2 A3 · · · ANp−1

ANp−1 ANp A1 A2 · · · ANp−2
...

A2 A3 A4 A5 · · · A1

⎞

⎟
⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎜
⎝

I1
I2
I3
...

INp

⎞

⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎝

E1

E2

E3
...

ENp

⎞

⎟
⎟
⎟
⎟
⎠

(6-4)

where, if the order of the complete matrix is N , each Ai is a submatrix of order N/Np.
A matrix with this form, where each row of submatrices is the same as the previous row
with a circular shift to the right, is termed block circulant. An immediate advantage of
this structure is that only the entries in the first row of submatrices must be computed and
stored. Hence the computation time to evaluate the matrix elements and the memory needed
for storage are reduced by a factor of Np.

The block-circulant structure offers a still larger advantage in inverting or factoring
the matrix, due to the N3 dependence of the computation time. The solution for an arbi-
trary excitation can be obtained by expanding the excitation in eigenmodes of the structure
through a discrete Fourier transform, and solving for the response to each mode separately.
The components of the excitation vector are transformed as

Ei =

Np∑

k=1

SikEk, i = 1, . . . , Np

Ei =
1

Np

Np∑

k=1

S∗
ikEk, i = 1, . . . , Np

where * indicates the conjugate of the complex number and

Sik = exp[j2π(i − 1)(k − 1)/Np]

with j =
√
−1. With this transformation, the total excitation vector becomes

E =

⎛

⎜
⎜
⎜
⎜
⎝

E1

E2

E3
...

ENp

⎞

⎟
⎟
⎟
⎟
⎠

=

Np∑

k=1

⎛

⎜
⎜
⎜
⎜
⎝

S1kEk

S2kEk

S3kEk
...

SNpkEk

⎞

⎟
⎟
⎟
⎟
⎠

. (6-5)

In each component vector of (6-5) the excitation on sector i of the structure differs from the
excitation on sector i− 1 only by a uniform phase shift of 2π(k− 1)/Np. If the structure has
rotational symmetry, the response to each of these component vectors must repeat with the
same phase shift around the structure. Hence the current response must have the form

I =

⎛

⎜
⎜
⎜
⎜
⎝

I1
I2
I3
...

INp

⎞

⎟
⎟
⎟
⎟
⎠

=

Np∑

k=1

⎛

⎜
⎜
⎜
⎜
⎝

S1kIk

S2kIk

S3kIk
...

SNpkIk

⎞

⎟
⎟
⎟
⎟
⎠

. (6-6)
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where each vector in the expansion of I is the response to the component for the same k in
(6-5).

Substituting (6-5) and (6-6) into (6-4), it is seen that the solution can be obtained by
transforming the submatrices as

Ai =

Np∑

k=1

SikAk, i = 1, . . . , Np

then solving for the current modes

Ii = A−1
i Ei, i = 1, . . . , Np

and finally summing the total current as

Ii =

Np∑

k=1

SikIk, i = 1, . . . , Np.

Thus the solution is obtained by factoring and solving Np matrix equations of order N/Np.
In the code, I is evaluated by factoring A into LU form and then solving.

The same procedure can be used for structures that have planes of symmetry. The
Fourier transform is then replaced by decomposition into modes that are even and odd
about the symmetry planes. All equations remain the same except that the transformation
matrices [Sik] are, for one plane of symmetry,

S1 =

(
1 1
1 −1

)

for two planes of symmetry,

S2 =

⎛

⎜
⎝

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

⎞

⎟
⎠

and for three planes of symmetry,

S3 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 1 1 1 1 1 1 1
1 −1 1 −1 1 −1 1 −1
1 1 −1 −1 1 1 −1 −1
1 −1 −1 1 1 −1 −1 1
1 1 1 1 −1 −1 −1 −1
1 −1 1 −1 −1 1 −1 1
1 1 −1 −1 −1 −1 1 1
1 −1 −1 1 −1 1 1 −1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

With either rotational or reflection symmetry, the solution is obtained by factoring
Np matrices of order N/Np rather than one matrix of order N . For reflection symmetry
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Np = 2Nr where Nr is the number of reflection planes. Since the time for factoring a matrix
is approximately proportional to the order cubed, the relative computation time is reduced
from N3 to Np(N/Np)

3, or by a factor of N2
p . The solution time for each right-hand side is

reduced by a factor of Np.

A further saving can be achieved if it is known that the excitation includes only a limit
number of the possible modes. Such cases include an azimuthally uniform excitation (k = 1
mode) or a plane wave incident along the axis of rotation (k = 2 and k = Np modes.)
The general NEC does not treat these special cases, but a code NEC-GS [57] has been
developed to take maximum advantage of the symmetry and azimuthally uniform excitation
of a vertical monopole on a radial-wire ground screen.

6.3 The Numerical Green’s Function Solution

NEC includes an option to generate and factor an interaction matrix and save the
result on a file. A later run, using the file, can add to the structure and solve the complete
model by a partitioned-matrix algorithm without unnecessary repetition of calculations. This
procedure is call the Numerical Green’s Function (NGF), since it is the numerical equivalent
of replacing the free-space Green’s function in the integral equation with a Green’s function
for the model on the file. The NGF is particularly useful for a large structure, such as a
ship, on which various antennas will be added or modified. It also permits taking advantage
of partial symmetry, since a NGF file may be written for the symmetric part of a structure,
taking advantage of the symmetry to reduce computation time. Unsymmetric parts can then
be added in a later run.

For the NGF solution, the matrix is partitioned as
(

A B
C D

) (
I1
I2

)

=

(
E1

E2

)

(6-6)

where A is the interaction matrix for the initial structure, D is the matrix for the added
structure, and B and C represent mutual-interaction matrices.

In the first step of the NGF procedure the matrix A for the basic model is evaluated
and factored into LU form. The factors A� and Au are then written on a file along with other
necessary data, including the model geometry and frequency. When a solution is required
with an addition to the basic model, matrices B, C and D in (6-6) are evaluated. Then the
partitioned matrix is transformed so that

(
A B
C D

)

→
(

A�Au A−1B
C D′

�D
′
u

)

where D′
� and D′

u are LU factored matrices, such that

D′
�D

′
u = D′ = D − CA−1B.

Multiplication by A−1 is to be interpreted as solution for each column of the matrix on the
right, using the LU factored form of A. For each excitation vector, the solution for current
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is obtained as
I2 =D′−1(E2 − CA−1E1)

I1 =A−1E1 − (A−1B)I2.

A complete LU factored matrix could be obtained from the partitioned matrix, but then the
advantage of symmetry in storing and operating with A�Au would be lost.

Electrical connections between the new and old (NGF) structure require special treat-
ment. If a new wire or patch connects to an old wire, the current basis function for the old
wire segment is changed by the modified condition at the junction. Since the elements in ma-
trix A cannot be changed, the old basis function is forced to have zero amplitude by adding
a new equation having all zeros except for a one in the column of the old basis function. A
new column is then added in matrices B and D for the modified basis function in the NGF
structure. Hence, connection of a single new segment to a junction of Nj segments in the
NGF structure will result in Nj +1 new unknowns in the new part of the partitioned matrix.
When a new wire connects to a patch in the NGF structure the patch must be divided into
four new patches to apply the surface-junction condition. Hence two equations are needed
to set the two current components on the old patch to zero, and eight new unknowns are
generated for the current components on the four new patches. Hence connection to a patch
in the NGF model results in ten new unknowns, plus those for the new segments.
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7. Extensions to the Model for Antennas and Scatterers

Previous sections have dealt with the problem of determining the current induced on a
structure by an arbitrary excitation. We now consider some specific problems in modeling
antennas and scatterers, including models for a voltage source on a wire, lumped and dis-
tributed loads, nonradiating networks and transmission lines. Methods of calculating some
observable quantities are also covered, including input impedance, radiated field and antenna
gain.

7.1 Voltage Source Models

Modeling voltage sources is probably the most critical step in the MoM analysis of wire
antennas, since errors are directly reflected in the computed input admittance and hence in
the gain and other related quantities. The basic requirements for the source model are that
it accurately represent the desired source voltage and, as closely as possible, duplicate the
physical characteristics of the actual antenna source, including the width of the excitation
region on the wire. In addition the model should introduce a minimum of computational
overhead. It is highly desirable that the MoM impedance matrix be independent of the
location of the source so that solutions for several different excitations can be obtained with
a single evaluation and inversion of the matrix.

NEC presently includes two models for voltage sources: the applied-field or gap model,
and the bicone or charge-discontinuity model. These source models are described in this sec-
tion and typical results are shown. A coaxial-line source model is included in this discussion,
since this model is in some ways similar to the bicone source model and has been used suc-
cessfully in codes similar to NEC. Each of these source models involves either a modification
of the boundary condition to force a non-zero electric field on the wire or a modification of
the current expansion to produce a discontinuity in charge density across the source, or a
combination of these factors. Of the source models now offered in NEC, it will be seen that
the applied-field source yields generally stable results but, particularly at low frequencies,
may have a much wider distribution than the actual source. However, the source width is
usually of secondary importance except for its effect on source-gap capacitance. The bicone
source model produces a more localized excitation when used on thin wires, but may give
inaccurate results for input impedance when used on thicker wires or on segments with large
radius-to-length ratios. Hence the applied-field source model is recommended for general
use.

7.1.1 The Applied-Field Source Model

The simplest and most reliable source model now available in NEC is the applied-field
or gap source. For a source voltage Vi on segment i with segment length ∆i the field at the
match point at the center of segment i is set to

Ei = Vi/∆i. (7-1)

The field at all match points without sources remains zero. It is recommended that the
segments on either side of the source segment have lengths equal to that of the source
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Fig. 7-1 Near electric field along the wire on a linear dipole with Ω = 2 ln 2h/a = 15 for: a) an applied-field
voltage source and b) a bicone source. (From Adams et al. [58].)

segment. When this rule is followed, the electric field along the wire resulting from a solution
using the applied-field source model will generally be found to have the prescribed value at
the center of the source segment, remain approximately constant over the segment and drop
to small values beyond the region of the segment ends. A typical near-field distribution is
shown in Fig. 7-1a. The shape of this distribution will depend on the wire radius, since
with the thin-wire approximation the field cannot change significantly over a distance much
less than the wire radius. However, the line integral of field over the source region typically
remains close to the source voltage over a wide range of wire radii.

When the source segment and adjacent segments have unequal lengths the voltage
resulting from the applied-field model may differ from the prescribed value, resulting in
inaccurate evaluation of the input impedance. Sometimes unequal segment lengths can be
used without significant loss of accuracy. Good results have been obtained with a short
source segment on the end of a transmission line connecting to much longer segments on the
transmission line wires. However, in general caution is advised when equal-length segments
cannot be used in the source region. The actual voltage resulting from the model can be
obtained by integrating the near field, although the computation will require additional
effort.

Ideally, the applied-field source model introduces a voltage Vi between the ends of the
source segment. Hence the antenna input admittance could be computed using the current
at the segment ends, or in an unsymmetric case the average of the current at the two ends.
In practice the segment is usually sufficiently short so that the current variation over its
length is small and the current at the center can be used rather than at the ends. Hence
the input admittance is computed as Ii/Vi where Ii is the current at the center of segment
i. The use of the current value at the segment center may be a source of error when the
current is changing rapidly as at the base of a λ/2 monopole. No modification of the current
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Fig. 7-2 The biconical transmission line source on a wire.

expansion is needed with the applied-field source model, since the normal expansion allows
the charge density to change sufficiently rapidly over the width of the source segment.

7.1.2 The Bicone Source Model

The bicone source was developed in an attempt to obtain a narrower distribution of
the source field than is provided by the applied-field source. The bicone source model is
similar to one used by Andreasen and Harris [59], and its adaptation to a code similar to
NEC was reported by Adams et al. [58]. For this model the source region is viewed as a
biconical transmission line, as shown in Fig. 7-2, with the apex of the cones at the junction
between segments. The electric field due to the applied source voltage has been shrunk to
a delta-function distribution in the bicone, so it is not seen at any of the match points on
the wire. However, a discontinuity in the derivative of current is introduced at the source,
as required by the transmission-line model, and this perturbation of the current produces a
field that illuminates the entire structure.

The voltage between points at ±z on the bicone can be related to the derivative of
current through the transmission-line equation as

V (z) =
jZ0

k

dI(z)

dz

where Z0 is the characteristic impedance of the bicone with half-angle θ,

Z0 =
η

π
ln(cot θ/2) ≈ 120 ln(2/θ).

The actual biconical shape of the conductor is not modeled in NEC. Hence, since the choice
of cone angle θ is uncertain for the cylindrical wire, Adams et al. [58] averaged Z0 for δ in
Fig. 7-2 varying from zero at the source to ∆/2 at the match point, assuming the segments
on either side of the source have lengths ∆. The average impedance is then

Zavg =
2

∆

∫ ∆/2

0
120 ln

(
2δ

a

)

dδ = 120

[

ln

(
∆

a

)

− 1

]

.

Using this value for characteristic impedance and allowing for an unsymmetric current dis-
tribution about the source, the discontinuity in the derivative of current at the source for a
voltage V0 is

dI(z)

dz

∣
∣
∣
∣
z=0+

−dI(z)

dz

∣
∣
∣
∣
z=0−

=
−jkV0

60[ln(∆/a) − 1]
. (7-2)
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This discontinuity in the derivative of current is introduced into the NEC solution by
modifying the current expansion on the wire. For a bicone source at the first end of segment
�, the current expansion of equation (3-8) becomes

I(s) =
N∑

i=1

αifi(s) + β�f
∗
� (s) (7-3)

where f∗
� (s) is a new basis function centered on segment �, as defined in section 3.2, but

computed as if the first end of segment � were a free end and the segment radius were zero.
Hence f∗

� goes to zero with non-zero derivative at the source location. If the part of f∗
� on

segment � is

f∗
� (s) = A∗

� + B∗
� sin k(s − s�) + C∗

� cos k(s − s�), |s − s�| < ∆�/2

then
d

ds
f∗
� (s)

∣
∣
∣
∣
s=s�−∆�/2

= B∗
� cos(k∆�/2) + C∗

� sin(k∆�/2).

Since the sum of the normal basis functions has continuous value and derivative at
s = s� − ∆�/2, the current in (7-3) has a discontinuity in derivative of

lim
ε→0

[
d

ds
I(s)

∣
∣
∣
∣
s=s�−∆�/2+ε

− d

ds
I(s)

∣
∣
∣
∣
s=s�−∆�/2−ε

]

= β� [B∗
� cos(k∆�/2) + C∗

� sin(k∆�/2)] .

Hence, from (7-2), a source voltage of V0 requires a value of β� in (7-3) of

β� =
−jV0

60

{
[ln(∆�/a�) − 1] [B∗

� cos(k∆�/2) + C∗
� sin(k∆�/2)]

}−1
. (7-4)

While the introduction of a bicone source into a model changes the current expansion,
it does not change the MoM impedance matrix. The amplitude of the f∗

� function in (7-3)
is a known value fixed by the source voltage, so the field due to this current function goes
on the right-hand side of the matrix equation. The matrix equation then becomes

[Gij ][αj ] = [Ei] + β�[Fi]

where Fi is the excitation for segment- or patch-equation number i due to the field of f∗
� , and

Ei is the excitation field due to any other sources. Thus the matrix G is independent of the
bicone source location, as it is for other sources. The solution for the expansion coefficients
needed in (7-3) is

[αi] = [Gij ]
−1

{
[Ej ] + β�[Fj ]

}
.

This implementation of the bicone source is easily extended to multiple sources. The
addition of the basis function f∗

� to the current expansion appears to introduce an asymmetry
in the current. However, this is not the case, since the other basis functions have the same
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Fig. 7-3 The coaxial-line source and equivalent magnetic current frill.

form as f∗
� except for the discontinuous derivative, and their amplitudes can adjust to produce

an exactly symmetric current if appropriate.

On a thin wire, the bicone source results in an effective applied field that is much more
localized in the source region than that of the applied-field source, as can be seen in Fig.
7-1. The applied-field source results in a nearly rectangular field distribution over the source
segment while the field of the bicone source approaches a delta function. The integrals of
these two source-field distributions will yield approximately the same voltages. However, as
the wire radius is increased both field distributions become more rounded. For larger wire
radius the integral of the field produced by the bicone source will differ substantially from
the required voltage due to approximations in deriving (7-2), so this source model should
only be used with very thin wires.

7.1.3 A Coaxial-Line Source Model

A source model can also be developed to approximate the common practical case of
excitation of a wire by a coaxial transmission line through a ground plane. This model is
not implemented in the presently released versions of NEC, but results of tests are included
here for comparison with the other source models. The coaxial source has been used in a
number of wire antenna codes. Thiele [60] uses it with point matching and entire-domain
basis functions. The treatment of Popović et al. [23] is more compatible with NEC since it
uses point matching and a polynomial basis in which a discontinuity can be introduced into
the derivative.

As illustrated in Fig. 7-3, the coaxial line with electric field

Eρ(ρ) =
V0

ρ ln(b/a)
for a < ρ < b

in the opening is replaced by the equivalent case of a frill of magnetic current Jmφ = −Eρ

over the plane. It is assumed here that only the TEM mode is present in the coaxial line

80



opening, a condition that Popović et al. state is accurate for kb < 0.1. The magnetic current
frill produces an excitation field over the structure. On the axis of the frill the z component
of this field is

Ez(z) =
V0

2 ln(b/a)

(
e−jkRa

Ra
− e−jkRb

Rb

)

where Ra = (z2 + a2)1/2 and Rb = (z2 + b2)1/2. Thiele [60] gives the field at an arbitrary
location. This field illuminates the entire structure, and hence fills the excitation vector on
the right of the matrix equation.

At the frill location the discontinuity in Eρ requires a discontinuity in charge density
and hence in the derivative of current on the wire of

dI(z)

dz

∣
∣
∣
∣
z=0+

−dI(z)

dz

∣
∣
∣
∣
z=0−

=
−j2πkV0

η ln(b/a)
.

This discontinuity in derivative of current is introduced into the current expansion as was
done with the bicone source. Hence the coaxial-line source involves both a modification of
the current expansion and a direct excitation due to the impressed field. As the wire radius is
reduced the field due to the magnetic-current frill becomes increasingly concentrated in the
source region. The difficulty in sampling this field is a limitation of the coaxial-line source
for thin wires.

7.1.4 Comparison of Source Models

Input admittances obtained with the applied-field, bicone and coaxial-line source models
were compared with the second order King-Middleton results [61] for a dipole with kh = 1.6
for half length h and for three thicknesses, Ω = 8, 11 and 20. The King-Middleton values are
not necessarily “correct” but are a convenient and widely accepted standard. Second order
King-Middleton is the result of two iterations of a solution of Hallén’s integral equation with
a delta-function source model.

Results from the applied-field source model are shown in Fig. 7-4. For Ω = 8, G
converges, although ten percent from King-Middleton. B continues to change due, at least
in part, to the increasing susceptance as the source gap becomes narrower. It has been
suggested [62] that the applied-field source model could be improved by subtracting a gap
susceptance and then adding an empirically determined value for the actual antenna feed.
King [63] applied a similar correction to the King-Middleton results using the measured
susceptance at a single frequency. For Ω of 11 and 20 the NEC results show increasingly
better convergence and agreement with King-Middleton.

The bicone source results, shown in Fig. 7-5, blow up for Ω = 8 at 20 segments. A similar
blow-up occurs for Ω = 11 with 90 segments but is excluded from the plot. The results
for Ω = 11 appear useable to about 40 segments. At Ω = 20 the results are acceptable
but neither relative convergence nor agreement with King-Middleton is as good as with
the applied-field source. These results demonstrate the failure of the bicone model with
increasing wire radius or small ∆/a.
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Fig. 7-4 Convergence of input admittance from
the applied-field source relative to King-Middleton
result Gk + jBk. Dipoles with Ω = 2 ln(2h/a) of
8, 11 and 20 are shown for length kh = 1.6.

Fig. 7-5 Convergence of input admittance from
the bicone source relative to King-Middleton re-
sult Gk + jBk. Dipoles with Ω = 2 ln(2h/a) of 8,
11 and 20 are shown for length kh = 1.6.

82



Fig. 7-6 Convergence of input admittance from the coaxial-line source in NEC relative to King-Middleton
result Gk + jBk. Dipoles with Ω = 2 ln(2h/a) of 8, 11 and 20 are shown for length kh = 1.6.

Accuracy of the coaxial-line source model depends on a sufficient sampling of the field
of the magnetic current frill. This field decreases by half in a distance on the order of the
wire radius. As shown in Fig. 7-6, the convergence of the coaxial-line source is best for
Ω = 8. Convergence is slow for Ω = 11 and very poor for Ω = 20. Popović et al. [23]
recommend a nonuniform sampling with about four match points within a distance of 3a
to 10a on either side of the source. The NEC model also yielded better results with small
segments in the source region, tapering to larger segments away from the source. However,
this approach requires extra effort and makes the model source dependent. For very thin
wires, such as the Ω = 20 dipole, it seems nearly impractical to sample sufficiently finely
to get good results from the coaxial source. However, the structure of the coaxial feed is
important only when the radius of the wire and the outer conductor are of significant size
relative to the wavelength. For thin wires the applied-field source could as well be used.

For reasons demonstrated by the above results, it is recommended that the applied-field
voltage source model in NEC be used in most cases. For electrically thin wires the effect
of the actual feed structure of an antenna on its input impedance will usually be negligible,
and the results of the applied-field source can be used directly. In complicated cases, such
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as the feed of an AM broadcast tower, the source region may not resemble any of the simple
numerical models, and an empirical correction may be necessary.

7.2 Lumped or Distributed Loading

Thus far, it has been assumed that all structures to be modeled are perfect electric
conductors. The EFIE is easily extended to imperfect conductors by modifying the boundary
condition in equation (2-4) to

n̂(r) ×
[
Es(r) + EI(r)

]
= Zs(r) [n̂(r) × Js(r)]

where Zs(r) is the surface impedance at r on the conducting surface. For a wire the boundary
condition is

ŝ ·
[
Es(r) + EI(r)

]
= Zw(s)I(s)

with r and ŝ the position vector and tangent vector at s on the wire and Zw(s) the impedance
per unit length at s. The matrix equation can then be written

N∑

j=1

Gijαj = −Ei +
Zi

∆i
Ii, i = 1, . . . , N

where αj is the amplitude of basis function j, Ei is the incident field on segment i, Ii is the
current at the center of the segment, Zi is the total impedance on the segment and ∆i is the
segment length.

The impedance term can be viewed as an applied-field model of a voltage source with
the voltage proportional to the current. It is assumed that the current is essentially constant,
with value Ii, over the length of the segment, which is reasonable for the electrically short
segments used in the integral equation solution.

The impedance term can be combined with the matrix by expressing Ii in terms of the
αj as

Ii =
N∑

j=1

αjA
i
j

where Ai
j is the coefficient of the constant term in the current expansion of equation (3-3)

for any basis function j extending onto segment i. The matrix equation modified by loading
is then

N∑

j=1

G′
ijαj = −Ei, i = 1, . . . , N

where
G′

ij = Gij − Ai
jZi/∆i.

For a lumped circuit element, Zi is computed from the circuit equations. For a dis-
tributed impedance, Zi represents the impedance of a length ∆i of wire. In the case of a
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round wire with finite conductivity σ and permeability µ the impedance for a segment i with
length ∆i and radius ai is

Zi =
j∆i

ai

√
ωµ

2πσ

[
Ber(q) + jBei(q)

Ber′(q) + jBei′(q)

]

where q =
√

ωµσai and Ber and Bei are Kelvin functions. This expression takes account of
the limited penetration of the field into an imperfect conductor.

7.3 Nonradiating Networks and Transmission Lines

Antennas often include transmission lines, lumped-circuit networks or a combination of
these connecting between different parts or elements. When the currents on transmission
lines or at network ports are balanced, the fields produced by these elements, both for near
field and radiation, can often be neglected. The effect of the network or transmission line is
then simply to establish a relation between the voltage and current at each of the connection
points. The solution for the antenna currents can be obtained by solving the equations
describing the networks or transmission lines together with the moment-method equations
for the radiating structure. This approach avoids the substantial increase in the number of
unknowns that would result from modeling the transmission line wires or network leads with
segments. For transmission lines with characteristic impedance on the order of 150 ohms or
less the spacing of the wires relative to radius may be too small for a thin-wire model, so
the ideal transmission line model becomes the only practical approach.

The procedure used in NEC is to compute a driving-point-interaction matrix from
the complete moment-method matrix to characterize the electromagnetic interactions. The
driving-point-interaction equations are then solved together with the network or transmis-
sion line equations to obtain the induced currents and voltages. In this way the larger
moment-method matrix is not changed by addition or modification of networks or transmis-
sion lines. Another advantage of this approach is that the connection of networks does not
alter the matrix structure resulting from symmetries in the model, so the efficient solution
methods for symmetric structures can be used with asymmetric network connections. As a
result, it may be advantageous in NEC to model a one-port load as a two-port network with
appropriate parameters when the value of the load must be changed many times or when
connection of the load would destroy structure symmetry.

The solution described below assumes an electromagnetic-interaction matrix equation
of the form

[Gij ][Ij ] = −[Ei] (7-5)

where Ei is the exciting electric field on wire segment i and Ij is the current at the center
of segment j. In NEC the interaction equation has the form

[G′
ij ][Aj ] = −[Ei]

where Aj is the amplitude of the jth basis function fj in the current expansion

I(s) =
Ns∑

j=1

Ajfj(s).
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The same solution procedure can be used, how-
ever, by computing [Ij ] from [Aj ] whenever [Ij ] is
needed. This must be done when starting with
the matrix [G′

ij ] and computing the elements of

the inverse matrix [Gij ]
−1 representing the cur-

rent on segment i due to a unit field on segment
j.

Fig. 7-7 Voltage and current reference di-
rections at network connection points.

A model consisting of Ns segments will be as-
sumed with a general M -port network connected
to segments 1 through M . The network is de-
scribed by the admittance equation

M∑

j=1

YijVj = It
i , i = 1, . . . , M (7-6)

where Vi and It
i are the voltage and current at port i, with reference directions as shown

in Fig. 7-7. The connection of a network port to a segment is illustrated in Fig. 7-8. The
segment is broken, and the port is connected so that

It
i = −Ii (7-7)

where Ii is the segment current. A voltage source of strength Vj is shown connected across
the network port at segment j so that

It
j = Ig

j − Ij . (7-8)

The port voltage, either with or without a voltage source, will be related to the field on
the segment by the applied-field voltage source model of equation (6-1). This port voltage
represents an additional unknown in the problem, unless its value is fixed by connection

Fig. 7-8 Network connections to segments with and without a voltage source.
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of a voltage source. We will assume that segments 1 through M1 are connected to network
ports without voltage sources, and segments M1 + 1 through M are connected to network
ports with voltage sources. The remaining segments have no network connections but may
have voltage sources. In addition, all of the segments may be excited by an incident field
represented by EI

i on segment i. The total field on segment i is then

Ei = EP
i + EI

i , i = 1, . . . , Ns

where EP
i = Vi/∆i, Vi is the voltage due to either a network port or a voltage source and

∆i is the segment length. An additional voltage drop can result from a finite impedance
of the segment. This voltage is outboard of the network port. It is not shown explicitly
here since, being proportional to the unknown current on the segment, it is included in the
moment-method matrix.

Equation (7-5) may be solved for current as

Ii = −
Ns∑

j=1

G−1
ij Ej , i = 1, . . . , Ns (7-9)

where G−1
ij is the (i, j)th element of the inverse of matrix G. The equations from (7-9) for

segments that have network ports without voltage sources are then written, with known
quantities on the right-hand side, as

M1∑

j=1

G−1
ij EP

j + Ii = Bi, i = 1, . . . , M1 (7-10)

where

Bi = −
M1∑

j=1

G−1
ij EI

j −
Ns∑

j=M1+1

G−1
ij Ej .

Similarly, the network equations (7-6) are written using (7-7) as

M1∑

j=1

Y ′
ijE

P
j + Ii = Ci, i = 1, . . . , M1 (7-11)

where
Y ′

ij = ∆jYij

Ci = −
M∑

j=M1+1

YijVj .

The current is eliminated between (7-10) and (7-11) to yield

M1∑

j=1

(
G−1

ij − Y ′
ij

)
EP

j = Bi − Ci, i = 1, . . . , M1. (7-12)
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The solution procedure is then to solve (7-12) for EP
j for j = 1, . . . , M1. Then, with the

complete excitation vector determined, (7-9) is evaluated to determine Ii for i = 1, . . . , Ns.
Finally, the remaining network equations are used with (7-8) to compute the generator
currents as

Ig
i =

M∑

j=1

YijVj + Ii, i = M1 + 1, . . . , M. (7-13)

The currents Ig
i determine the input admittances seen by the sources.

In NEC, the general M -port network considered here is restricted to multiple two-port
networks, each connecting a pair of segments. A transmission line is treated as a special case
of a two port network with admittance coefficients determined by the ideal transmission line
equations. Including optional terminating admittances of Y1T and Y2T on ends one and two
of the transmission line, respectively, the admittance coefficients for a line with characteristic
admittance Y0 and length � are

Y11 = − jY0 cot(k�) + Y1T

Y22 = − jY0 cot(k�) + Y2T

Y12 =Y21 = ±jY0 csc(k�).

The lower sign for Y12 is used when the transmission line undergoes a twist relative to the
reference directions at the connection points, as occurs between elements in a log-periodic
dipole antenna, and the upper sign is used otherwise.

It should be remembered that the implicit transmission-line model neglects interactions
between the transmission line and the antenna or its environment. This approximation is
justified if the currents in the line are balanced, as in a log-periodic dipole antenna, and
in general if the transmission line lies in an electric symmetry plane. However, the balance
can be upset if the transmission line is connected to an unbalanced load or by unsymmetric
interactions. For example, a vertically polarized log-periodic dipole antenna over ground
could be unbalance by interaction with the ground, and the importance of this unbalance
should be considered in deciding whether to use the ideal transmission-line model. If the
unbalance is significant, the transmission line can be modeled explicitly with segments if
the two-wire model with the correct characteristic impedance does not violate the thin-
wire approximation. Another option would be to use the ideal transmission-line model to
represent the balanced currents, and model a single wire with segments along the path of the
line to carry the unbalanced component of current. However, this approach raises questions
about how to connect the single wire.

7.4 Radiated Field, Directivity and Gain

The radiated field of an antenna or reradiated field of a scatterer is found with relative
ease once the current induced on the structure has been evaluated through the moment-
method solution. The integral to obtain the far-zone field of a straight wire segment or
patch can be evaluated in closed form, and the field reflected from or transmitted across
an interface with the ground can be evaluated exactly from the plane-wave reflection and
transmission coefficients, without the need to evaluate Sommerfeld integrals. The far field
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evaluation yields only the field components decreasing as R−1, so the surface wave over
ground is lost. To include the surface wave, the code offers an option to compute the field
at large but finite distances using the asymptotic approximations for the field over ground
given in section 5.

7.4.1 The Radiated Field in Free Space

For the far-zone evaluation it is assumed that the maximum dimension of the current
distribution (actually the maximum distance from the origin) is small relative to the distance
to the evaluation point r0 and also relative to the wavelength. When |r0| � |r′| the factor
|r0−r′| in the denominator of the Green’s function in (2-1) can be replaced by r0 = |r0|. The
planar-phase front approximation is used in evaluating the phase, so that k|r0 − r′| in the
argument of the exponential is approximated by kr0 +k · r′. The vector k is the wave vector
at r′ for the reciprocal problem, when a source is located at the evaluation point r0. When
points r0 and r′ are in the same medium, k = −kr̂0. When these points are on opposite
sides of an interface between different media, k must be found by applying Snell’s law at the
interface with an incident wave from a source at r0.

The radiated field due to a structure including wires with current distribution Iw(s) and
surfaces with current Js(s) is evaluated as

E(r0) =
−jkη

4π

e−jkr0

r0
(Fw + Fs) ·

(
¯̄I − r̂0r̂0

)
(7-14)

where Fw is due to currents on wires

Fw =

∫

�
ŝIw(s)e−j(k·r) ds (7-15)

and Fs is due to currents on surfaces

Fs =

∫

S
Js(r)e

−j(k·r) dA. (7-16)

The integrals are over the wire contour � and the surface S, where r is the vector to the
integration point on the surface or the point s on the wire. The dot product in (7-14), where
¯̄I = êxêx + êyêy + êzêz, serves to remove the radial component from the vector integrals.
This step is accomplished in the code by taking the dot products with the êθ and êφ unit
vectors transverse to the direction of propagation.

The wire current is represented on each segment in the form

Ii(t) = Ai + Bi sin(kst) + Ci[cos(kst) − 1] (7-17)

where Ai, Bi and Ci are obtained for each segment i from the moment-method solution.
The vector r to a point on segment i is

r = ri + tûi
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where ri is the location of the segment center, ûi is the unit vector in the direction of the
segment, and t varies from −∆i/2 to ∆i/2 for segment length ∆i. Then for N segments, the
integral for Fw becomes

Fw =
N∑

i=1

ûiQie
−j(k·ri)

where

Qi =

∫ ∆i/2

−∆i/2
Ii(t)e

−jt(k·ûi) dt.

For the current function in (7-17), this integral can be evaluated as

Qi =

{

Ai
2 sin(wi∆i/2)

wi
− jBi

[
sin[(ks − wi)∆i/2]

ks − wi
− sin[(ks + wi)∆i/2]

ks + wi

]

+ Ci

[
sin[(ks − wi)∆i/2]

ks − wi
+

sin[(ks + wi)∆i/2]

ks + wi
− 2 sin(wi∆i/2)

wi

]}

where wi = k · ûi. When |k∆i| is small Qi is evaluated by the series approximation

Qi ≈ ∆iAi −
(∆i/2)3

3

(
w2

i Ai + 2jkswiBi + k2
sCi

)

to avoid loss of precision.

The contribution from surface patches is

Fs =
M∑

i=1

JiSie
−j(k·ri)

where ri is the location of the center of patch i, Ji is the current associated with the patch
center in the delta-function current expansion and Si is the area of the patch.

7.4.2 Effect of a Ground Plane

When a ground plane is present the total radiated field is evaluated as

E = ED + ER + ET

where ED and ER are the direct and reflected fields, respectively, from sources on the same
side of the interface as the evaluation point and ET is the field due to sources on the opposite
side of the interface from the evaluation point. ED is evaluated using (7-14), while ER is
evaluated as

ER(r0) =
−jkη

4π

e−jkr0

r0
(FR

w + FR
s ) ·

(
¯̄I − r̂0r̂0

)
(7-18)

where

FR
w =

∫

�
ŝ · ¯̄IR · ¯̄RIw(s)e−j[k·(r·̄̄IR)] ds
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and

FR
s =

∫

S
Js(r) · ¯̄IR · ¯̄Re−j[k·(r·̄̄IR)] dA.

¯̄R is a dyadic reflection coefficient and ¯̄IR = êxêx + êyêy − êzêz. For perfectly conducting

ground ¯̄R = −¯̄I. For a finitely conducting ground, the reflection coefficients for TE and TM
polarization are

RTE =
Y TE

0 − Y TE
s

Y TE
0 + Y TE

s

and RTM = −ZTM
0 − ZTM

s

ZTM
0 + ZTM

s

where Y TE
0 = cos θi/ηi and ZTM

0 = ηi cos θi with θi the angle between the incident ray and
the normal to the interface and ηi the intrinsic impedance of the medium in which the ray is
propagating. Y TE

s and ZTM
s are the surface admittance and impedance of the ground for TE

and TM polarization respectively, given in section 5.3. The reflected field is then evaluated

from the field of the image of the source ((7-18) without ¯̄R) as

ER =
[
EIRTM + p̂(EI · p̂)(RTE − RTM)

]

where p̂ is the unit vector normal to the plane of incidence.

The transmission coefficients for TE and TM polarizations are [30]

TTE =
ETE

t

ETE
i

=
2kiz

kiz + ktz
and TTM =

HTM
t

HTM
i

=
2k2

t kiz

k2
t kiz + k2

i ktz

where ki and kt are the wave numbers of the incident and transmitted waves, respectively.
The z component of the incident wave vector ki is kiz = −ki cos θi, and the z component of
the transmitted wave vector kt is ktz = [k2

t − (k2
i − k2

iz)]
1/2.

The electric field components of the transmitted TM wave can be obtained from the
relations Ei = ηi k̂i × Hi and Et = ηt k̂t × Ht. The results for ρ and z components of the
electric field are

ETM
tz =

k2
i

k2
t

RTMETM
iz and ETM

tρ =
k2

i ktz

k2
t kiz

RTMETM
iρ .

The electric field transmitted across the interface from an incident wave with strength E and
arbitrary polarization is then obtained with a dyadic transmission coefficient as

ET = (Tρρêρêρ + Tzzêzêz + Tφφêφêφ) · E

where

Tρρ =
2k2

i ktz

k2
i ktz + k2

t kiz
, Tzz =

2k2
i kiz

k2
i ktz + k2

t kiz
and Tφφ =

2kiz

kiz + ktz
.

E is evaluated using (7-14), including only sources on the opposite side of the interface from
the evaluation point and replacing k by kt = (ki · êx)êx + (ki · êy)êy + ktzêz.
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7.4.3 Elliptic Polarization

In the code the êθ and êφ components of radiated electric field are computed in spherical
coordinates. In general, these components will be out of phase, resulting in an elliptically
polarized wave. The field components are described in time-varying form as

Eφ =Eφ0 exp[j(ωt − kr)]

Eθ =Eθ0 exp[j(ωt − kr + ξ)]

so that the wave is linearly polarized when ξ = 0 or when either Eθ0 = 0 or Eφ0 = 0.
Otherwise, it is elliptically polarized with major and minor axis magnitudes of

Emajor =
[
E2

θ0 − (E2
θ0 − E2

φ0) sin2 γ + 2Eθ0Eφ0 sin γ cos γ cos ξ
]1/2

Eminor =
[
E2

φ0 + (E2
θ0 − E2

φ0) sin2 γ − 2Eθ0Eφ0 sin γ cos γ cos ξ
]1/2

where

γ = 1
2 tan−1

(
2Eθ0Eφ0 cos ξ

E2
θ0 − E2

φ0

)

is the tilt angle of the major axis from the êθ direction. The polarization ellipse is described
by the ratio of minor axis to major axis, the tilt angle γ and the sense of rotation, which is
right-hand if ξ < 0 and left-hand if ξ > 0.

7.4.4 Gain and Directivity

The power gain of an antenna in the direction of the spherical coordinates (θ, φ) is
defined as

Gp(θ, φ) = 4π
PΩ(θ, φ)

Pin

where PΩ(θ, φ) is the power radiated per unit solid angle in the direction (θ, φ) and Pin is
the total power accepted by the antenna from the source. Since quantities in NEC are peak
values rather than rms, the input power is evaluated from the voltage and current at the
source as

Pin = 1
2Re(V I∗)

and the radiated power density is

PΩ(θ, φ) = 1
2R2Re(E × H∗) =

R2

2η
|E|2

where R is the evaluation distance. The power gain is then

Gp(θ, φ) =
2πR2

η

|E|2
Pin

=
2π

η

|E′|2
Pin

where E′ = RE for R → ∞ is the quantity computed by subroutine FFLD in NEC.
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The directivity, or directive gain, is

Gd(θ, φ) = 4π
PΩ(θ, φ)

Prad

where Prad is the total radiated power. Prad is evaluated in NEC as Prad = Pin −Ploss where
Ploss is the power dissipated in ohmic loss in lumped and distributed loads on the wires and
in non-radiating networks. Ploss does not include power dissipated in a lossy ground.

The power gain and directivity are also calculated for orthogonal field components (û, v̂)
where û and v̂ may be vertical and horizontal components êθ, êφ or major-axis and minor-
axis components. For the component gains |E| is replaced by |E · û| or |E · v̂| in evaluating
PΩ. The total gain is the sum of these two components.

The code also will compute average power gain by integrating the far-field radiated
power over a sector of space with solid angle Ω

Gav =
1

Ω

∫

Ω
Gp(θ, φ) dΩ =

4π

ΩPin

∫

Ω
PΩ(θ, φ) dΩ.

If the solid angle of integration Ω includes the entire sphere or a subsector of the sphere
such that the the radiation pattern of the antenna in that subsector repeats exactly over
the remainder of the sphere due to symmetry, then PinGav will be the total radiated power
obtained by integrating the far field. This evaluation represents a variational from for the
radiated power, so is generally more accurate than Prad evaluated from the voltage and
current at the source and ohmic losses. Comparison of these two evaluations of radiated
power can provide a useful check on the accuracy of the solution, and particularly on the
voltage source model.

When a structure is excited by an incident plane wave the scattering cross section
normalized to square wavelength is computed instead of gain. The cross section is

σ

λ2
=

4πR2

λ2

Wscat

Winc
=

4πR2

λ2

|Escat|2
|Einc|2

where Wscat is the scattered power per unit area at a distance R in a given direction and
Winc is the power per unit area of the incident plane wave.

7.5 Maximum Coupling Calculation

Coupling between antennas is often a parameter of interest, especially when a receiving
system must be protected from a nearby transmitter. Maximum power transfer between
antennas occurs when the source impedance and receiver load impedance are conjugate-
matched to their antennas. Determination of the conditions for simultaneously matching
to the terminal impedances, and the resulting coupling, is complicated by the antenna in-
teraction, since the input impedance of one antenna depends on the load connected to the
other antenna. NEC includes an algorithm for determining the matched loads and maximum
coupling by the Linville method [64], a technique used in rf amplifier design.
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The first step is to determine the two-port admittance parameters for the coupled an-
tennas by exciting each port with the other port short-circuited, and computing the self
and mutual admittances from the MoM solution. In doing this it must be remembered that
simple wire segments are shorted unless a voltage source or load is specified on the segment.
However, segments with a network or transmission line connection represent open-circuited
ports unless they are shorted with a zero voltage source or a shunt admittance on the trans-
mission line. This shorting of network ports is taken care of in the NEC–4 code, but was
not handled correctly in earlier versions of NEC.

The maximum coupling determined by the Linville method is

Gmax =
1

L

(

1 −
√

1 − L2

)

where

L =
|Y12Y21|

2Re(Y11)Re(Y22) − Re(Y12Y21)
.

The matched load admittance on antenna 2 for maximum coupling is

YL =

(
1 − ρ

1 + ρ
+ 1

)

Re(Y22) − Y22

where

ρ =
Gmax(Y12Y21)

∗

|Y12Y21|
and the corresponding input admittance of antenna 1 is

Yin = Y11 −
Y21Y12

YL + Y22
.

The coupling for any other terminations is easily obtained from the coefficients Y11, Y22 and
Y12.
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[30] J. A. Stratton, Electromagnetic Theory, McGraw-Hill, New York, 1941.

96
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APPENDIX A

Evaluation of the Scalar Potential for
Triangular and Constant Charge Functions

The matrix elements in (3-42) represent
the scalar potentials of triangular and semi-
infinite charge distributions. Since the tri-
angles overlap, their potentials are most ef-
ficiently evaluated by computing the poten-
tials of positive and negative ramp functions
on a segment and storing the contributions
to the separate matrix elements. Consider-
ing a segment on the z axis as in Fig. A-1,
the matrix elements involve the integrals

Φp(ρ, z) =
1

4πε

∫ δ

−δ

e−jkR

R
(δ + z′) dz′ = δΦ0(ρ, z,−δ, δ) + Φ1(ρ, z,−δ, δ) (A-1)

Φm(ρ, z) =
1

4πε

∫ δ

−δ

e−jkR

R
(δ − z′) dz′ = δΦ0(ρ, z,−δ, δ) − Φ1(ρ, z,−δ, δ) (A-2)

Fig. A-1 Coordinates for evaluating the potenital
due to a segment.

where

Φ0(ρ, z, z1, z2) =
1

4πε

∫ z2

z1

e−jkR

R
dz′

Φ1(ρ, z, z1, z2) =
1

4πε

∫ z2

z1

e−jkR

R
z′ dz′

and R = [ρ2 + (z′ − z)2]1/2. Since R dR = (z′ − z) dz′, the integral Φ1 can be evaluated as

Φ1(ρ, z, z1, z2) =
1

4πε

∫ z2

z1

e−jkR

R
(z′ − z) dz′ + zΦ0(ρ, z, z1, z2)

=
j

4πkε
(e−jkR2 − e−jkR1) + zΦ0(ρ, z, z1, z2)

where R1 = [ρ2 + (z1 − z)2]1/2 and R2 = [ρ2 + (z2 − z)2]1/2. Thus

Φp(ρ, z) = (δ + z)Φ0(ρ, z, z1, z2) +
j

4πkε
(e−jkR2 − e−jkR1) (A-3)

Φm(ρ, z) = (δ − z)Φ0(ρ, z, z1, z2) −
j

4πkε
(e−jkR2 − e−jkR1). (A-4)

with z1 = −δ and z2 = δ.
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The semi-infinite integral is evaluated as

Φc(ρ, z) =
1

4πε

∫ ∞

0

e−jkR

R
dz′

=
1

4πε

∫ z

0

e−jkR

R
dz′ +

1

4πε

∫ ∞

z

e−jkR

R
dz′

= Φ0(ρ, z, 0, z) +
1

8πε

∫ ∞

−∞

e−jkR

R
dz′

= Φ0(ρ, z, 0, z) − j

8ε
H

(2)
0 (kρ). (A-5)

For electrically short segments, both the integral for Φ0 and the difference of exponen-
tials in (A-3) and (A-4) are conveniently evaluated using the series approximation of the
exponential

eaR ≈eaR0

[

1 + a(R − R0) +
a2

2
(R − R0)

2 +
a3

6
(R − R0)

3 +
a4

24
(R − R0)

4

]

≈eaR0(T0 + T1R + T2R
2 + T3R

3 + T4R
4)

where a = −jk, R0 = {ρ2 + [(z1 + z2)/2 − z]2}1/2 and

T0 =1 − aR0 +
a2R2

0

2
− a3R3

0

6
+

a4R4
0

24

T1 =a − a2R0 +
a3R2

0

2
− a4R3

0

6

T2 =
a2

2
− a3R0

2
+

a4R2
0

4

T3 =
a3

6
− a4R0

6

T4 =
a4

24
.

Then

eaR2 − eaR1 ≈ eaR0 [T1(R2 − R1) + T2(R
2
2 − R2

1) + T3(R
3
2 − R3

1) + T4(R
4
2 − R4

1)] (A-6)

and

Φ0(ρ, z, z1, z2) ≈ eaR0(T0I1 + T1I2 + T2I3 + T3I4 + T4I5) (A-7)

where

In =

∫ z2

z1

Rn−2 dz′.
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The integrals In are evaluated as

I1 = log[(R2 + S2)/(R1 + S1)] for z < z1

= log[(R1 − S1)(R2 + S2)/ρ
2] for z1 ≤ z < z2

= log[(R1 − S1)/(R2 − S2)] for z ≥ z2 (A-8)

I2 = z2 − z1 (A-9)

I3 =
ρ2

2
I1 +

1

2
(S2R2 − S1R1) (A-10)

I4 = ρ2I2 +
1

3
(S3

2 − S3
1) (A-11)

I5 =
3

4
ρ2I3 +

1

4
(S2R

3
2 − S1R

3
1) (A-12)

where S1 = z1 − z, S2 = z2 − z, R1 = (ρ2 + S2
1)1/2 and R2 = (ρ2 + S2

2)1/2. The option for
I1 is intended to avoid loss of accuracy due to cancellation.

The relative error in the five term approximation of the exponential is less than 0.01 for
|R−R0| = 0.2λ and decreases as |R−R0|5. Since |R−R0| ≤ (z2 − z1)/2 and z2 − z1 is the
segment length in (A-3) and (A-4) or the distance of the evaluation point from the junction
in (A-5), this approximation can be used for all matrix elements in the solution for charge
at a junction.

102



APPENDIX B

Approximations for the Field of a Segment
to Avoid Loss of Precision

The exact equations for the field of a straight filament of current on the z axis were
derived in section 4. The field components for currents I0 sin ks, I0 cos ks and a constant
current I0; denoted ES , EC and EK , respectively; are

ES
ρ =

−jηI0

4πρ

{[
(z − δ)

e−jkR2

R2
− (z + δ)

e−jkR1

R1

]
cos(kδ)

− j(e−jkR2 + e−jkR1) sin(kδ)

}

(B-1)

EC
ρ =

jηI0

4πρ

{[
(z − δ)

e−jkR2

R2
+ (z + δ)

e−jkR1

R1

]
sin(kδ)

+ j(e−jkR2 − e−jkR1) cos(kδ)

}

(B-2)

ES
z =

jηI0

4π

(e−jkR2

R2
− e−jkR1

R1

)
cos(kδ) (B-3)

EK
z =

−jηI0k

4π

∫ δ

−δ

e−jkR

R
dz′ (B-4)

EC
z − EK

z =
−jηI0

4π

[(e−jkR2

R2
+

e−jkR1

R1

)
sin(kδ) − k

∫ δ

−δ

e−jkR

R
dz′

]

(B-5)

where the segment has length ∆ = 2δ extending from z1 = −δ to z2 = δ and R1 =
[ρ2 + (z + δ)2]1/2 and R2 = [ρ2 + (z − δ)2]1/2. While these equations are exact, their
evaluation can result in loss of precision due to cancellation in the limit of small kR and
when R is much larger than ∆. Equations (B-1) and (B-2) also fail for small ρ when |z| > δ.
Approximations valid for these cases are given in the remainder of this appendix. Equation
(B-5) was written for EC

z −EK
z since this is the quantity needed in NEC, and the cancellation

between EC
z and EK

z must be taken into account in the evaluation.

B.1 Approximation for Small ρ and |z| > δ

When |z| > δ and ρ � |z| − δ the ρ components of electric field are proportional to ρ.
Since (B-1) and (B-2) contain ρ−1 factors the terms must cancel as ρ2, leading to a numerical
disaster. A suitable approximation for this case is obtained by expanding R in a power series
in ρ. The result is

ES
ρ ≈ −jηI0ρ

4π
e−jk|z|

{
1

2

[
e−jkδ

(|z| + δ)2
− ejkδ

(|z| − δ)2

]

cos(kδ) − jkδ

z2 − δ2

}

(B-6)

EC
ρ ≈ −jηI0Szρ

4π
e−jk|z|

{
1

2

[
e−jkδ

(|z| + δ)2
+

ejkδ

(|z| − δ)2

]

sin(kδ) − kδ

z2 − δ2

}

(B-7)
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where Sz = z/|z|. Terms of order [ρ/(|z| − δ)]4 were neglected in the expansion of R, and
terms of order k2ρ4/(|z|−δ)2 were neglected in the expansion of the exponentials. Equations
(B-1) and (B-2) are to be used for small ρ when |z| ≤ δ.

B.2 Approximation for Small |kR|

When |kR1| � 1 and |kR2| � 1 cancellation occurs among the terms of (B-1) through
(B-5). Cancellation is particularly severe for the real parts of the fields for real k. While
the real parts become small their accurate evaluation is essential to computing the input
resistance in the method of moments solution. For small |kR| the exponentials can be
expanded in power series in kR with the results

ES
ρ ≈ −jηI0

4πρ

{

z

[
1

R2
− 1

R1
− k2

2
(R2 − R1) +

k4

24
(R3

2 − R3
1)

]

cos(kδ)

− δ

[
1

R2
+

1

R1
− k2

2
(R2 + R1) +

k4

24
(R3

2 + R3
1)

]

cos(kδ)

−
[

k(R2 + R1) −
k3

6
(R3

2 + R3
1)

]

sin(kδ) +
2jk3ρ2δ

3

}

(B-8)

EC
ρ ≈ jηI0

4πρ

{

z

[
1

R2
+

1

R1
− k2

2
(R2 + R1) +

k4

24
(R3

2 + R3
1)

]

sin(kδ)

− δ

[
1

R2
− 1

R1
− k2

2
(R2 − R1) +

k4

24
(R3

2 − R3
1)

]

sin(kδ)

+

[

k(R2 − R1) −
k3

6
(R3

2 − R3
1)

]

cos(kδ) +
2jk6zδ3ρ2

45

}

(B-9)

ES
z ≈ jηI0

4π

[
1

R2
− 1

R1
− k2

2
(R2 − R1) −

2jk3zδ

3
+

k4

24
(R3

2 − R3
1)

]

cos(kδ) (B-10)

EK
z ≈ −jηI0k

4π

[

I1 − 2jkδ − k2

2
I3 +

jk3

6
I4 +

k4

24
I5

]

(B-11)

EC
z − EK

z ≈ −jηI0

4π

{[
1

R2
+

1

R1
− k2

2
(R2 + R1) +

jk3

6
(R2

2 + R2
1)

+
k4

24
(R3

2 + R3
1)

]

sin(kδ) +
jk4δ3

3

− k

[

I1 −
k2

2
I3 +

jk3

6
I4 +

k4

24
I5

]}

. (B-12)

The terms I1 through I5 are from the integration of e−jkR/R for small kR and are defined
in equations (C-3) through (C-7) of Appendix C. Terms of order (kR)5 have been neglected
except in the real part of EC

ρ where the (kR)6 term was retained as the first nonzero contri-
bution.

Equations (B-8) and (B-9) cannot be used when ρ is very small and |z| > δ. Equations
(B-6) and (B-7), which were derived for this case, lose accuracy when |kR| is small. Hence
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(B-6) and (B-7) were approximated for small |kR| by expanding the exponentials. The result
for |z| > δ, ρ � |z| − δ and |kR| � 1 is

ES
ρ ≈ jηI0ρδ

4π

{ |z|[2 + k2(z2 − 2δ2)]

(z2 − δ2)2
− 2jk3

3

}

(B-13)

EC
ρ ≈ −jηI0Szkρδ3

4π

{
6 + k2(z2 − 2δ2)

3(z2 − δ2)2
− 2jk5|z|

45

}

(B-14)

Terms of order (kR)4 have been neglected in the imaginary parts of the fields.

B.3 Approximation for R � δ

The last case needing approximation is R � δ. R1 and R2 in (B-1) through (B-5) can
then be expanded in powers of δ with the results

ES
ρ ≈ jηI0

4π

2δρ

R3
0

(1 + jkR0)e
−jkR0 (B-15)

EC
ρ ≈ −jηI0

4π

2kδ3ρz

R5
0

(
1 + jkR0 −

k2R2
0

3

)
e−jkR0 (B-16)

ES
z ≈ jηI0

4π

2δz

R3
0

(
1 + jkR0

)
e−jkR0 (B-17)

EK
z ≈ −jηI0

4π

kδ

R0

{

2 +
δ2

3R2
0

[
2z2 − ρ2

R2
0

(1 + jkR0) − k2z2

]}

e−jkR0 (B-18)

EC
z − EK

z ≈ −jηI0

4π

kδ3

3R3
0

[
2(2z2 − ρ2)

R2
0

(1 + jkR0) − k2(2z2 + R2
0)

]

e−jkR0 . (B-19)

where R0 = [ρ2 + z2]1/2. Terms of order (δ/R0)
4 have been neglected in the expansion of R,

and terms of order (kδ)4 were neglected in the expansion of the exponentials.

When R � δ and |kR| � 1 accuracy is lost in the real parts of the fields evaluated
by equations (B-15) through (B-19). The problem can be seen when the exponentials are
expanded in powers of jkR0. When the products of this expansion with the terms in paren-
theses are evaluated the leading imaginary terms, contributing to the real parts of the field,
cancel. The problem is worst for EC

ρ where (kR)5 becomes the first imaginary term. Hence,
once again, approximations for R � δ and |kR| � 1 are

ES
ρ ≈ jηI0

4π

2ρδ

R3
0

(1 +
k2R2

0

2
− jk3R3

0

3
− k4R4

0

8
+

jk5R5
0

30
) (B-20)

EC
ρ ≈ −jηI0

4π

2kρzδ3

3R5
0

(3 +
k2R2

0

2
+

k4R4
0

8
− jk5R5

0

15
) (B-21)

ES
z ≈ jηI0

4π

2zδ

R3
0

(1 +
k2R2

0

2
− jk3R3

0

3
− k4R4

0

8
+

jk5R5
0

30
) (B-22)
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EK
z ≈ −jηI0

4π

kδ

3R5
0

[
6R4

0 + (2z2 − ρ2)δ2 − 6jkR5
0 − k2R2

0(3R
4
0 +

ρ2δ2

2
)

+ jk3R5
0(R

2
0 + δ2)

]
(B-23)

EC
z − EK

z ≈ −jηI0

4π

kδ3

3R5
0

[
2(2z2 − ρ2) − k2R2

0(z
2 + 2ρ2) +

5jk3R5
0

3

+
k4R4

0

4
(4z2 + 3ρ2) +

jk5R5
0

120
(13z2 − 9ρ2)

]
. (B-24)

Terms of order (kR0)
6 have been neglected.

B.4 Choice of the Method for Numerical Evaluation

For accurate evaluation of the fields, the appropriate equations must be chosen from
those given above. The logic for making this choice was developed by running a program that
determined the error in the single precision evaluation of the exact equations (B-1) through
(B-5) and the error for a selected one of the sets of approximate equations. Equations
(B-1) through (B-5) evaluated in double precision were used as a reference in computing the
relative errors.

The logic developed for choosing the evaluation method is outlined in Fig. B-1. The
values now being used in the tests are:

C1 = 10.

C2 = 0.01(2π)

C3 = 0.01(2π)

C4 = 0.01

C5 = 0.04

These constants were chosen for single precision evaluation of the equations. If the code were
to be converted to double precision the exact equations could be used over a wider range of
parameters. Hence constant C1 could be increased and C2 through C5 reduced to delay the
use of the approximations until their accuracy is comparable with double precision results.
Determination of the optimum values is complicated by the lack of an accuracy reference
unless (B-1) through (B-5) are evaluated in quadruple precision. A reasonable first guess
might be to increase C1 and decrease C2 through C5 by two orders of magnitude for double
precision.
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SUBROUTINE

If (R0 > C1δ) then EKSCMN
If (|kR0| > C2) then

Use Eq. B15 through B19 EKSCLR
Else

Use Eq. B20 through B24
End if

Else if (|kR0| > C3) then EKSCMN
Use Eq. B3 through B5
If (ρ > C4 min(R1, R2)) then EKSCEX

Use Eq. B1 and B2
Else

Use Eq. B6 and B7 ESMLRH
End if

Else
Use Eq. B10 through B12
If (ρ > C5 min(R1, R2)) then

Use Eq. B8 and B9 EKSMR
Else

Use Eq. B13 and B14
End if

End if

⎫
⎬

⎭

}

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

Fig. B-1 Logic for choosing the field equations for given coordinates. The names of the subroutines con-
taining the code in NEC–4 are shown at the right.
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APPENDIX C

Evaluation of
∫

eaR/R dz′

The z component of electric field due to a constant current element on the z axis involves
the integral

I =

∫ δ

−δ

eaR

R
dz′ (C-1)

where a = −jk, δ = ∆/2 for segment length ∆ and

R = [ρ2 + (z − z′)2]1/2.

This integral cannot be evaluated in closed form. In NEC–2 and NEC–3 it was evaluated
numerically using adaptive Romberg quadrature and subtracting an analytically integrable
1/R function to smooth the integrand when the evaluation point was on the source segment.
A more efficient method has been found to be the use of a series expansion.

The integral is written as

I = eaR0

∫ δ

−δ

ea(R−R0)

R
dz′

where
R0 = [ρ2 + z2]1/2.

Then |R − R0| ≤ δ and for typical segment lengths, with kδ less than about 0.4, the expo-
nential is approximated to good accuracy by the series

ea(R−R0) ≈ 1 + a(R − R0) +
a2

2
(R − R0)

2 +
a3

6
(R − R0)

3 +
a4

24
(R − R0)

4.

After expanding the products and separating terms in R and R0 the approximation of the
integral is obtained as

I ≈ eaR0

[
(1 − aR0 +

a2R2
0

2
− a3R3

0

6
+

a4R4
0

24
)I1 (C-2)

+(a − a2R0 +
a3R2

0

2
− a4R3

0

6
)I2

+(
a2

2
− a3R0

2
+

a4R2
0

4
)I3

+(
a3

6
− a4R0

6
)I4

+
a4

24
I5

]
.
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The integrals

In =

∫ δ

−δ
Rn−2 dz′

are evaluated as

I1 = log[(R2 + S2)/(R1 + S1)] for S1 > 0

= log[(R1 − S1)/(R2 − S2)] for S1 ≤ 0 (C-3)

I2 = 2δ (C-4)

I3 =
ρ2

2
I1 +

1

2
(S2R2 − S1R1) (C-5)

I4 = ρ2I2 +
1

3
(S3

2 − S3
1) (C-6)

I5 =
3

4
ρ2I3 +

1

4
(S2R

3
2 − S1R

3
1) (C-7)

where S1 = −δ − z, S2 = δ − z, R1 = (ρ2 + S2
1)1/2 and R2 = (ρ2 + S2

2)1/2. The option for I1

is intended to avoid loss of accuracy due to cancellation. When S1 ≤ 0 < S2 and ρ is small
compared to R2 the second form is used with R2 − S2 evaluated as

R2 − S2 ≈ ρ2

2S2
(1 − ρ2

4S2
2

).

At the maximum normal segment length of 0.12λ equation (C-2) yields a result with
a relative error of about 10−5 due to truncation of the series. This error is similar to that
with the Romberg integration and decreases as (kδ)5. However, for R much larger than δ
precision is lost due to cancellation of terms in (C-2). Hence for R0 > 10δ the integral in
(C-1) is evaluated numerically by three point Gaussian quadrature with very good accuracy.
The three point integration is about twenty percent slower than the series due to the need to
evaluate three complex exponentials. Either method is faster that the Romberg integration
by a factor of two to twenty or more, depending on ρ, z and δ. The overall time for filling
the interaction matrix in NEC is typically reduced by twenty to forty percent over that with
Romberg integration. The Romberg integration routine remains in the code, however, for
use in evaluating the fields due to a ground plane.

109



APPENDIX D

Comparison of Approximations for the Thin-Wire Kernel

The problem of evaluating the kernel of the electric field integral equation for a thin
wire has been studied by a number of investigators. Several approximations to the kernel
are derived in [1] and in references cited in that report. Most often attention has been
directed to evaluation of the exact kernel on a straight wire and the singularity that results
when the integration point coincides with the evaluation point on the wire surface. When
the extended boundary condition is enforced with the evaluation points on the wire axis,
as is now done in NEC, the singularity is no longer a problem. Questions remain, however,
about the appropriate approximations for the field of the tubular current distribution and
the resulting accuracy of the field.

In the thin-wire approximation the current on a wire is assumed to be axially directed
and uniformly distributed around the wire surface. The evaluation of the field of this current
then involves a surface integral around the wire circumference and along the length of the
wire segment. The integral along the wire was evaluated in section 4, and the integration
over φ was reduced to evaluating the four integrals

G1 =
1

2π

∫ 2π

0

e−jkR

R
dφ (D-1)

G2 =
1

2π

∫ 2π

0

cos α

ρ′
e−jkR

R
dφ (D-2)

G3 =
1

2π

∫ 2π

0

cos α

ρ′
e−jkR dφ (D-3)

G4 =
1

2π

∫ 2π

0

∫ z2

z1

e−jkR

R
dz′ dφ (D-4)

where
R = (ρ2 + a2 + z2 − 2aρ cos φ)1/2

ρ′ = (ρ2 + a2 − 2ρa cos φ)1/2

cos α =
ρ − a cos φ

ρ′
.

Approximations for these integrals are developed below, with alternate forms representing
a current filament on the wire axis or on the wire surface at a position ninety degrees from
the direction of observation.

D.1 Approximation as a Current Filament on the Wire Axis

An approximation in which the leading term represents a current filament on the wire
axis for evaluation points outside of the wire can be obtained by expanding the integrands
in Maclaurin series in the wire radius a. The result is equivalent to the extended thin-wire
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approximation derived in [1] and used in NEC–3. The result is derived here for the specific
integrals of interest in (D-1) through (D-4). First, the exponential terms are expanded in
Maclaurin series in a when ρ > a or series in ρ when a > ρ. For ρ > a the approximations
are

e−jkR

R
≈e−jkR0

R0
+ ρa cos φ(1 + jkR0)

e−jkR0

R3
0

+
a2

2

[

ρ2 cos2 φ(3 + 3jkR0 − k2R2
0) − (1 + jkR0)R

2
0

]
e−jkR0

R5
0

e−jkR ≈e−jkR0 + jka(ρ cos φ − a

2
)
e−jkR0

R0
+

jkρ2a2

2
cos2 φ(1 + jkR0)

e−jkR0

R3
0

where R0 = (ρ2 + z2)1/2. When ρ < a the expansions are

e−jkR

R
≈e−jkRa

Ra
+ ρa cos φ(1 + jkRa)

e−jkRa

R3
a

+
ρ2

2

[

a2 cos2 φ(3 + 3jkRa − k2R2
a) − (1 + jkRa)R

2
a

]
e−jkRa

R5
a

e−jkR ≈e−jkRa + jkρ(a cos φ − ρ

2
)
e−jkRa

Ra
+

jka2ρ2

2
cos2 φ(1 + jkRa)

e−jkRa

R3
a

where Ra = (a2 + z2)1/2. The integrals over φ can then be evaluated using, for G2 and G3,
the following integrals derived from Eq. (3.613-2) in [2].

1

2π

∫ 2π

0

ρ − a cos φ

ρ2 + a2 − 2aρ cos φ
dφ =

1

ρ
for ρ > a (D-5)

= 0 for ρ < a

1

2π

∫ 2π

0

(ρ − a cos φ) cos φ

ρ2 + a2 − 2aρ cos φ
dφ =

a

2ρ2
for ρ > a (D-6)

=
−1

2a
for ρ < a

1

2π

∫ 2π

0

(ρ − a cos φ) cos2 φ

ρ2 + a2 − 2aρ cos φ
dφ =

1

4ρ
(2 +

a2

ρ2
) for ρ > a (D-7)

=
−ρ

4a2
for ρ < a.

Then, when ρ > a, the approximations for G1, G2 and G3 are

G1 ≈ GA
1 =

e−jkR0

R0
+

a2

4

[

ρ2(3 + 3jkR0 − k2R2
0) − 2(1 + jkR0)R

2
0

]
e−jkR0

R5
0

(D-8)

G2 ≈ GA
2 =

e−jkR0

ρR0
+

a2ρ

8
(
a2

ρ2
+ 2)(3 + 3jkR0 − k2R2

0)
e−jkR0

R5
0

(D-9)

G3 ≈ GA
3 =

e−jkR0

ρ
+

jka2ρ

8
(
a2

ρ2
+ 2)(1 + jkR0)

e−jkR0

R3
0

. (D-10)
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When ρ < a the approximations are

G1 ≈ GA
1 =

e−jkRa

Ra
+

ρ2

4

[

a2(3 + 3jkRa − k2R2
a) − 2(1 + jkRa)R

2
a

]
e−jkRa

R5
a

(D-11)

G2 ≈ GA
2 =

−ρ

2
(1 + jkRa)

e−jkRa

R3
a

− ρ3

8
(3 + 3jkRa − k2R2

a)
e−jkRa

R5
a

(D-12)

G3 ≈ GA
3 =

−jkρ

2

e−jkRa

Ra
− jkρ3

8
(1 + jkRa)

e−jkRa

R3
a

. (D-13)

The results for G2 and G3 differ from those in [3] due to the use of the exact integrals in
(D-5) through (D-7). In [3] series approximations of ρ′ were used to evaluate these integrals.
Hence the approximations here should be more accurate than in [3].

An approximation for G4 can be obtained, as done in [1], by noting that (D-8) is
equivalent to

G1 ≈
[

1 − (ka)2

4
− a2

4

∂2

∂z′2

]
e−jkR0

R0
.

Then

G4 ≈ GA
4 =

(

1 − (ka)2

4

) ∫ z2

z1

e−jkR0

R0
dz′ − a2

4

∂

∂z′
e−jkR0

R0
. (D-14)

The leading terms in (D-8) through (D-10) and (D-14)

Ga
1 =

e−jkR0

R0

Ga
2 =

e−jkR0

ρR0

Ga
3 =

e−jkR0

ρ

Ga
4 =

∫ z2

z1

e−jkR0

R0
dz′

represent the approximations to these integrals obtained by setting the wire radius to zero
for ρ > a. Hence, the resulting approximation to the field is that of a current filament on
the wire axis. From the higher order terms, the approximate relative errors in Ga

1, Ga
2 and

Ga
3 for small kR0 are

Ea
1 =

∣
∣
∣
3a2ρ2

4R4
0

− a2

2R2
0

∣
∣
∣

Ea
2 =

3a2ρ2

4R4
0

Ea
3 =

ka2ρ2

4R3
0

.
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D.2 Approximation as a Current Filament on the Wire Surface

An approximation in which the leading term represents a filament of current on the
surface of the cylinder can be obtained by writing

R = (ρ2 + a2 + z2 − 2b cos φ)1/2

where b = aρ and expanding in powers of b. This approximation can be used for ρ > a or
ρ < a as long as aρ � R2

t where

Rt = (ρ2 + a2 + z2)1/2.

The approximations for the exponential terms are

e−jkR

R
≈e−jkRt

Rt
+ aρ cos φ(1 + jkRt)

e−jkRt

R3
t

+
a2ρ2

2
cos2 φ(3 + 3jkRt − k2R2

t )
e−jkRt

R5
t

e−jkR ≈e−jkRt + jkaρ cos φ
e−jkRt

Rt
+

jkaρ2

2
cos2 φ(1 + jkRt)

e−jkRt

R3
t

.

Then, integrating over φ the approximation for G1 is

G1 ≈ GB
1 =

e−jkRt

Rt
+

a2ρ2

4
(3 + 3jkRt − k2R2

t )
e−jkRt

R5
t

. (D-15)

For ρ > a

G2 ≈ GB
2 =

e−jkRt

ρRt
+

a2

2ρ
(1 + jkRt)

e−jkRt

R3
t

+
a2ρ

8
(2 +

a2

ρ2
)(3 + 3jkRt − k2R2

t )
e−jkRt

R5
t

(D-16)

G3 ≈ GB
3 =

e−jkRt

ρ
+

jka2

2ρ

e−jkRt

Rt
+

jka2ρ

8
(2 +

a2

ρ2
)(1 + jkRt)

e−jkRt

R3
t

(D-17)

while for ρ < a

G2 ≈ GB
2 =

−ρ

2
(1 + jkRt)

e−jkRt

R3
t

− ρ3

8
(3 + 3jkRt − k2R2

t )
e−jkRt

R5
t

(D-18)

G3 ≈ GB
3 =

−jkρ

2

e−jkRt

Rt
− jkρ3

8
(1 + jkRt)

e−jkRt

R3
t

. (D-19)

The leading terms in (D-15) through (D-17) for ρ > a

Gb
1 =

e−jkRt

Rt

Gb
2 =

e−jkRt

ρRt

Gb
3 =

e−jkRt

ρ
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resemble the terms for a current filament on the wire surface since Rt is the distance to a
point on the surface at ninety degrees from the direction of observation. However, ρ in these
terms is the distance to the wire axis. Use of the radial distance to the wire surface, as for
an actual current filament on the wire surface, results in significantly larger errors than the
above terms. The relative errors in these approximations for small kRt are

Eb
1 =

3a2ρ2

4R4
t

Eb
2 =

3a2ρ2

4R4
t

+
a2

2R2
t

Eb
3 =

ka2ρ2

4R3
t

+
ka2

2Rt
.

D.3 Comparison of Results

Approximations have been derived for the integrals G1, G2, G3 and G4 which, for
evaluation points outside of the wire (ρ > a) represent filaments of current located on the
wire axis (Ga

1, Ga
2, Ga

3, Ga
4) or on the wire surface (Gb

1, Gb
2, Gb

3). The integral G4 can also
be approximated with a filament on the surface as

Gb
4 =

∫ z2

z1

e−jkRt

Rt
dz′.

For ρ < a there are no simple current-filament approximations for G2 or G3 in the expressions
for the radial electric field. On the wire axis G2 and G3 are zero and the approximations
Ga

1, Gb
1, Ga

4 and Gb
4 for the axial electric field become exact.

For evaluation points outside of the wire surface the relative errors of the current-
filament approximations were derived above. The properties of these error terms are sum-
marized below. Conditions at ρ = 0 are noted as an indication of the trend for small ρ,
although these approximations are not used for ρ < a.

Ea
1 has a maximum at ρ = 0 of Ea

1 = a2/(2z2) and a second maximum at ρ =
√

5z
of Ea

1 = a2/(48z2). Eb
1 is zero at ρ = 0 and maximum at ρ2 = a2 + z2 where Eb

1 =
3z2/[16(a2 + z2)].

Ea
2 is zero at ρ = 0 and maximum at ρ = z where Ea

2 = 3a2/(16z2). Eb
2 has a minimum

at ρ = 0 of Eb
2 = a2/[2(a2+z2)] and a maximum at ρ2 = (a2+z2)/5 of Eb

2 = 25a2/[48(a2+z2)].

Ea
3 is zero at ρ = 0 and has a maximum at ρ =

√
2z of Ea

3 = ka2/
√

108z. Eb
3 has a

maximum at ρ = 0 of Eb
3 = ka2/(2

√
a2 + z2).

The actual errors in these approximations, including G4, are shown in Fig. D-1 through
Fig. D-4 for a wire radius of a = 0.001λ. In Fig. D-2 and D-3 additional approximations are
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included which are

Gs
2 =

e−jkRt

ρtRt

Gs
3 =

e−jkRt

ρt

where ρt = (ρ2 + a2)1/2. These expressions represent the result of actually putting a current
filament on the wire surface, as opposed to Gb

2 and Gb
3 in which ρ is the distance to the

wire axis. In all cases the relative errors were determined from a reference value computed
by numerically integrating over φ. It should be noted that, in evaluating the fields, the
terms G1, G2 and G3 are evaluated at the segment ends. Hence z = 0 in these integrals
occurs when the evaluation point is aligned with the segment end. G4, however, represents
an integral over a segment which in Fig. D-4 extends from z1 = −0.005λ to z2 = 0.005λ.
Hence for G4, z = 0 corresponds to an evaluation point aligned with the segment center.

For evaluating the field outside of the wire surface the current filament on the wire
axis (Ga) is seen to yield smaller errors than the filament on the surface (Gb) over much
of the parameter range shown. The exceptions occur for G1 and G4 when ρ is less than
about z/2. For the radial field terms, G2 and G3, the axial approximation Ga yields smaller
errors than the Gb approximation. The Gs approximations result in about 30 percent error
on the wire surface. The GA approximations, which are used in NEC-3 as the “extended
thin-wire kernel”, are seen to yield substantially smaller errors than any of the first order
approximations at the expense of additional complexity. For large ρ all terms eventually
converge to the correct result, although in the plots shown here the convergence appears
slow due to the limited range of ρ.
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Fig. D-1 Relative error in approximations for G1 for a = 0.001λ.

Fig. D-2 Relative error in approximations for G2 for a = 0.001λ
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Fig. D-3 Relative error in approximations for G3 for a = 0.001λ.

Fig. D-4 Relative error in approximations for G4 for z1 = −0.005λ, z2 = 0.005λ and a = 0.001λ.
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APPENDIX E

Evaluation of the Field due to a
Constant Charge on a Wire End Cap

The wire end cap is represented as a flat
disk as shown in Fig. E-1. Since the current
on the cap has no azimuthal variation in the
thin-wire approximation, the vector poten-
tial is zero on the axis of the disk and greatly
reduced by cancellation at points off of the
axis. Assuming a constant surface charge
density ρe on the end cap, the scalar poten-
tial is

Φ(ρ, z) =
ρe

4πε

∫ a

0
dρ′

∫ 2π

0
ρ′ dφ

e−jkR

R

where

R = (ρ2 + ρ′2 + z2 − 2ρρ′ cos φ)1/2
Fig. E-1 Coordinates for evaluation of the field
due to a charged end cap.

For R0 = (ρ2 + z2)1/2 � a an approx-
imation for Φ(ρ, z) can be obtained by ap-
proximating the integrand by a Maclaurin
series in ρ′ as

e−jkR

R
≈e−jkR0

R0
+ ρρ′ cos φ(1 + jkR0)

e−jkR0

R3
0

+
ρ′2

2

[

ρ2 cos2 φ(3 + 3jkR0 − k2R2
0) − (1 + jkR0)R

2
0

]
e−jkR0

R5
0

.

Then

Φ(ρ, z) ≈ ρe

2ε

{
a2

2
+

a4

16R4
0

[

(3 + 3jkR0 − k2R2
0)ρ

2 − 2jkR3
0 − 2R2

0

]}
e−jkR0

R0

The field components are then

Ez(ρ, z) = −∂Φ

∂z
≈ρeza2

4ε

e−jkR0

R3
0

{

(1 + jkR0) −
a2

4R2
0

[3(1 + jkR0) − k2R2
0]

−a2ρ2

8R4
0

[jk3R3
0 + 6k2R2

0 − 15(1 + jkR0)]

}

(E-1)
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and

Eρ(ρ, z) = −∂Φ

∂ρ
≈ρeρa2

4ε

e−jkR0

R3
0

{

(1 + jkR0) −
a2

2R2
0

[3(1 + jkR0) − k2R2
0]

−a2ρ2

8R4
0

[jk3R3
0 + 6k2R2

0 − 15(1 + jkR0)]

}

(E-2)

On the axis of the disk the field has only a z component that can be evaluated in closed
form. When ρ = 0

R = (ρ′2 + z2)1/2

and the integral for Φ becomes

Φ(0, z) =
ρe

2ε

∫ a

0

e−jkR

R
ρ′ dρ′ =

ρe

2ε

∫ Ra

R0

e−jkR dR

=
j

2εk
(e−jkRa − e−jk|z|)

where Ra = (a2 + z2)1/2. Then

Ez(0, z) = − ρez

2ε|z|e
−jk|z|

( |z|
Ra

e−jk(Ra−|z|) − 1

)

(E-3)

Equation (E-1) should be used on the axis when |z| � a since accuracy is lost due to
cancellation in evaluating (E-3).
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APPENDIX F

Sommerfeld Integrals for the Field Near Ground

The exact solution for the field of a point source near an interface was first published by
A. Sommerfeld [1], and involves integrals over wave number, commonly called Sommerfeld
integrals. Only the solution for the source below the interface and evaluation point above
the interface is used in NEC, with the field for other configurations obtained by applying
reciprocity and adding the direct and image terms when appropriate. The full set of electric
field equations from Baños [2] is given below for reference, however.

The geometry of the half-space problem is shown in Fig. 5-1, and the wave numbers in
the lower medium k1 and upper medium k2 are

k2
1 = ω2µ0ε0(ε1 − jσ1/ωε0)

k2
2 = ω2µ0ε0(ε2 − jσ2/ωε0).

The notation for electric field will use a subscript to indicate the field component in cylindrical
coordinates (ρ, φ, z) and a superscript to indicate the source orientation, V for a vertical
source and H for a horizontal source. In addition, subscripts will be used to indicate the
medium in which the source and evaluation points are located. The horizontal dipole source
is oriented along the x axis.

For the source below the interface in medium 1 and evaluation point above the interface
in medium 2 (z′ < 0, z ≥ 0) the field components are

EV
ρ12 =

−jωµ0

4π

∂2V12

∂ρ∂z

EV
z12 =

−jωµ0

4π

(
∂2

∂z2
+ k2

2

)

V12

EH
ρ12 =

−jωµ0

4π
cos φ

(
∂2V12

∂ρ2
+ U12

)

EH
φ12 =

jωµ0

4π
sin φ

(
1

ρ

∂V12

∂ρ
+ U12

)

EH
z12 =

jωµ0

4π
cos φ

∂2V12

∂ρ∂z′

where V12 and U12 are the Sommerfeld integrals

V12 = 2

∫ ∞

0

eγ1z
′−γ2z

k2
1γ2 + k2

2γ1
J0(λρ)λ dλ

U12 = 2

∫ ∞

0

eγ1z
′−γ2z

γ1 + γ2
J0(λρ)λ dλ
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with γ1 = (λ2 − k2
1)

1/2 and γ2 = (λ2 − k2
2)

1/2. For the source above the interface in medium
1 and evaluation point below the interface in medium 2 (z′ ≥ 0, z < 0) the field is

EV
ρ21 =

−jωµ0

4π

∂2V21

∂ρ∂z

EV
z21 =

−jωµ0

4π

(
∂2

∂z2
+ k2

1

)

V21

EH
ρ21 =

−jωµ0

4π
cos φ

(
∂2V21

∂ρ2
+ U21

)

EH
φ21 =

jωµ0

4π
sin φ

(
1

ρ

∂V21

∂ρ
+ U21

)

EH
z21 =

jωµ0

4π
cos φ

∂2V21

∂ρ∂z′

where

V21 = 2

∫ ∞

0

eγ1z−γ2z
′

k2
1γ2 + k2

2γ1
J0(λρ)λ dλ

U21 = 2

∫ ∞

0

eγ1z−γ2z
′

γ1 + γ2
J0(λρ)λ dλ.

For source and evaluation points above the interface (z′ ≥ 0, z ≥ 0)

EV
ρ22 =

−jωµ0

4πk2
2

[
∂2

∂ρ∂z
(G22 − G21 + k2

1V22)

]

EV
z22 =

−jωµ0

4πk2
2

[(
∂2

∂z2
+ k2

2

)

(G22 − G21 + k2
1V22)

]

EH
ρ22 =

−jωµ0

4πk2
2

cos φ

[
∂2

∂ρ2
(G22 − G21 + k2

2V22) + k2
2(G22 − G21 + U22)

]

EH
φ22 =

jωµ0

4πk2
2

sin φ

[
1

ρ

∂

∂ρ
(G22 − G21 + k2

2V22) + k2
2(G22 − G21 + U22)

]

EH
z22 =

−jωµ0

4πk2
2

cos φ

[
∂2

∂ρ∂z
(G22 + G21 − k2

1V22)

]

where

V22 = 2

∫ ∞

0

e−γ2(z+z′)

k2
1γ2 + k2

2γ1
J0(λρ)λ dλ

U22 = 2

∫ ∞

0

e−γ2(z+z′)

γ1 + γ2
J0(λρ)λ dλ

G22 = e−jk2RD/RD, RD =
[
ρ2 + (z − z′)2

]1/2

G21 = e−jk2RI/RI , RI =
[
ρ2 + (z + z′)2

]1/2
.
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For source and evaluation points below the interface (z′ < 0, z < 0)

EV
ρ11 =

−jωµ0

4πk2
1

[
∂2

∂ρ∂z
(G11 − G12 + k2

2V11)

]

EV
z11 =

−jωµ0

4πk2
1

[(
∂2

∂z2
+ k2

1

)

(G11 − G12 + k2
2V11)

]

EH
ρ11 =

−jωµ0

4πk2
1

cos φ

[
∂2

∂ρ2
(G11 − G12 + k2

1V11) + k2
1(G11 − G12 + U11)

]

EH
φ11 =

jωµ0

4πk2
1

sin φ

[
1

ρ

∂

∂ρ
(G11 − G12 + k2

1V11) + k2
1(G11 − G12 + U11)

]

EH
z11 =

−jωµ0

4πk2
1

cos φ

[
∂2

∂ρ∂z
(G11 + G12 − k2

2V11)

]

where

V11 = 2

∫ ∞

0

eγ1(z+z′)

k2
1γ2 + k2

2γ1
J0(λρ)λ dλ

U11 = 2

∫ ∞

0

eγ1(z+z′)

γ1 + γ2
J0(λρ)λ dλ

G11 = e−jk1RD/RD, RD =
[
ρ2 + (z − z′)2

]1/2

G12 = e−jk1RI/RI , RI =
[
ρ2 + (z + z′)2

]1/2
.
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APPENDIX G

Conversion Formulas for Source and Observer Locations

The Sommerfeld-integral and asymptotic field evaluations in NEC are coded for the
case of a source below the interface and evaluation point above the interface. Fields for
other cases are obtained from this buried-source elevated-observer evaluation by appropriate
conversions, including addition of direct and image fields. The source is located at a height
z′ and the evaluation point at height z, with radial separation ρ. The conversions are derived
by applying reciprocity, boundary conditions at the interface and the fact that the direct
field depends on (z − z′) while the image field depends on (z + z′).

The direct and image fields are evaluated for a source in a finite medium with wave
number kn, where n is 1 or 2. The cylindrical components of the electric field, for a source
with current moment I� = 1, are

EV
ρn(ρ, z′, z) =

−jωµ0

4πk2
n

[
ρ(z − z′)

R2
(3 + 3jknR − k2

nR2)

]
e−jknR

R3
(G-1)

EV
zn(ρ, z′, z) =

−jωµ0

4πk2
n

[
(z − z′)2

R2
(3 + 3jknR − k2

nR2) − 1 − jknR + k2
nR2

]
e−jknR

R3
(G-2)

EH
ρn(ρ, z′, z) =

−jωµ0

4πk2
n

[
ρ2

R2
(3 + 3jknR − k2

nR2) − 1 − jknR + k2
nR2

]
e−jknR

R3
(G-3)

EH
φn(ρ, z′, z) =

−jωµ0

4πk2
n

[
1 + jknR − k2

nR2
] e−jknR

R3
(G-4)

EH
zn(ρ, z′, z) =

−jωµ0

4πk2
n

[
ρ(z − z′)

R2
(3 + 3jknR − k2

nR2)

]
e−jknR

R3
(G-5)

where R = [ρ2 +(z−z′)2]1/2. For a horizontal source along the x axis, the factor cosφ would
be included in EH

ρ and EH
z , and sin φ in EH

φ for the complete field.

The fields for various locations of source and observer will be written as a function
of (ρ, z′, z) where the second argument is the source height and the third is the observer’s
height. For clarity, however, a and b, which are always positive numbers, will be substituted
for the source and observer’s heights. For source above the interface and observer below:

EV
ρ21(ρ, a,−b) = −EH

z12(ρ,−b, a) (G-6)

EV
z21(ρ, a,−b) = EV

z12(ρ,−b, a) (G-7)

EH
ρ21(ρ, a,−b) = EH

ρ12(ρ,−b, a) (G-8)

EH
φ21(ρ, a,−b) = EH

φ12(ρ,−b, a) (G-9)

EH
z21(ρ, a,−b) = −EV

ρ12(ρ,−b, a). (G-10)
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For source and observer below the interface:

EV
ρ11(ρ,−a,−b) = EV

ρ12(ρ,−a − b, 0+) + EV
ρ1(ρ,−a,−b) − EV

ρ1(ρ,−a, b) (G-11)

EV
z11(ρ,−a,−b) =

1

ε̃1
EV

z12(ρ,−a − b, 0+) + EV
z1(ρ,−a,−b) − EV

z1(ρ,−a, b) (G-12)

EH
ρ11(ρ,−a,−b) = EH

ρ12(ρ,−a − b, 0+) + EH
ρ1(ρ,−a,−b) − EH

ρ1(ρ,−a, b) (G-13)

EH
φ11(ρ,−a,−b) = EH

φ12(ρ,−a − b, 0+) + EH
φ1(ρ,−a,−b) − EH

φ1(ρ,−a, b) (G-14)

EH
z11(ρ,−a,−b) =

1

ε̃1
EH

z12(ρ,−a − b, 0+) + EH
z1(ρ,−a,−b) − EH

z1(ρ,−a, b)

= −EV
ρ12(ρ,−a − b, 0+) + EH

z1(ρ,−a,−b) + EV
ρ1(ρ,−a, b) (G-15)

For source and observer above the interface:

EV
ρ22(ρ, a, b) = −EH

z12(ρ, 0−, a + b) + EV
ρ2(ρ, a, b) − EV

ρ2(ρ, a,−b) (G-16)

EV
z22(ρ, a, b) = ε̃1E

V
z12(ρ, 0−, a + b) + EV

z2(ρ, a, b) − EV
z2(ρ, a,−b) (G-17)

EH
ρ22(ρ, a, b) = EH

ρ12(ρ, 0−, a + b) + EH
ρ2(ρ, a, b) − EH

ρ2(ρ, a,−b) (G-18)

EH
φ22(ρ, a, b) = EH

φ12(ρ, 0−, a + b) + EH
φ2(ρ, a, b) − EH

φ2(ρ, a,−b) (G-19)

EH
z22(ρ, a, b) = −ε̃1E

V
ρ12(ρ, 0−, a + b) + EH

z2(ρ, a, b) − EH
z2(ρ, a,−b)

= EH
z12(ρ, 0−, a + b) + EH

z2(ρ, a, b) − EV
ρ2(ρ,−a, b). (G-20)
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APPENDIX H

Singularity Subtraction in the Sommerfeld Integrals
for the Field Due to Ground

To facilitate numerical evaluation of the Sommerfeld integrals near the field singularity,
the singular part is removed in an analytically integrable form. This is done by subtracting
the term V0 from V12 where

V0 =
2

k2
1 + k2

2

∫ ∞

0

e−γ2(z−z′)

γ2
J0(λρ)λ dλ =

2

k2
1 + k2

2

e−jk2R

R

and
R = [ρ2 + (z − z′)2]1/2.

The remainder, which must be evaluated by numerical integration, is then

V ′
12 = V12 − V0 = 2

∫ ∞

0

[
eγ1z

′−γ2z

k2
1γ2 + k2

2γ1
− e−γ2(z−z′)

γ2(k2
1 + k2

2)

]

J0(λρ)λ dλ

where γ1 = (λ2 − k2
1)

1/2 and γ2 = (λ2 − k2
2)

1/2. When R is small the subtraction must be
done in the integrand with careful treatment of cancelling terms, while for larger R, V0 can
be subtracted from the numerical result for V12 to retain the simpler integrand.

Substituting V ′
12 into the equations (5-2) for electric field yields the remainder terms

E′V
ρ12 = EV

ρ12 − SV
ρ12 =

−jωµ0

4π

∂2V ′
12

∂ρ∂z
(H-1a)

E′V
z12 = EV

z12 − SV
z12 =

−jωµ0

4π

(
∂2

∂z2
+ k2

2

)

V ′
12 (H-1b)

E′H
ρ12 = EH

ρ12 − SH
ρ12 =

−jωµ0

4π

(
∂2V ′

12

∂ρ2
+ U12

)

(H-1c)

E′H
φ12 = EH

φ12 − SH
φ12 =

jωµ0

4π

(
1

ρ

∂V ′
12

∂ρ
+ U12

)

(H-1d)

E′H
z12 = EH

z12 − SH
z12 =

jωµ0

4π

∂2V ′
12

∂ρ∂z′
(H-1e)

where

SV
ρ12 =

−jωµ0

4π

2

k2
1 + k2

2

[

ρ(z − z′)

(
3

R2
+ j

3k2

R
− k2

2

)]
e−jk2R

R3
(H-2a)

SV
z12 =

−jωµ0

4π

2

k2
1 + k2

2

[

(z − z′)2
(

3

R2
+ j

3k2

R
− k2

2

)

− 1 − jk2R + k2
2R

2

]
e−jk2R

R3
(H-2b)

SH
ρ12 =

−jωµ0

4π

2

k2
1 + k2

2

[

ρ2

(
3

R2
+ j

3k2

R
− k2

2

)

− 1 − jk2R

]
e−jk2R

R3
(H-2c)
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SH
φ12 =

−jωµ0

4π

2

k2
1 + k2

2

(1 + jk2R)
e−jk2R

R3
(H-2d)

SH
z12 =

−jωµ0

4π

2

k2
1 + k2

2

[

ρ(z − z′)

(
3

R2
+ j

3k2

R
− k2

2

)]
e−jk2R

R3
. (H-2e)

After subtracting V0, V ′
12 is finite at R = 0, while the field components in equations

(H-1) have 1/R singularities. The 1/R singularities will be subtracted from these field terms
in a later step to leave a finite remainder at R = 0, but first the evaluation of the integrand
for V ′

12 is considered.

Careful treatment of canceling terms in the integrand of V ′
12 is needed when |λ| is large

to avoid loss of precision. This is especially important with the adaptive quadrature used in
NEC. The cancellation can be isolated in simple terms by writing

V ′
12 = 2

∫ ∞

0

[
γ2k

2
1T1 + k2

2T2

γ2(k2
1 + k2

2)(k
2
1γ2 + k2

2γ1)

]

e−γ2(z−z′)J0(λρ)λ dλ. (H-3)

The derivative of V ′
12 with respect to z brings out a factor of −γ2. However, the derivative

with respect to z′ changes the canceling terms, so that

∂

∂z′
V ′

12 = 2

∫ ∞

0

[
γ1k

2
2T1 + k2

1T3

(k2
1 + k2

2)(k
2
1γ2 + k2

2γ1)

]

e−γ2(z−z′)J0(λρ)λ dλ (H-4)

where

T1 = ez′(γ1−γ2) − 1

T2 = γ2e
z′(γ1−γ2) − γ1

T3 = γ1e
z′(γ1−γ2) − γ2.

For large |λ| the differences can be evaluated with a series expansion in λ−1. Assuming
Im(λ) < 0 and vertical branch cuts,

γ1 ≈ S1

(
λ − 1

2k2
1λ

−1 − 1
8k4

1λ
−3 − 1

16k6
1λ

−5
)

S1 = Sign[Re(λ − k1)], |λ| � |k1|

and

γ2 ≈ S2

(
λ − 1

2k2
2λ

−1 − 1
8k4

2λ
−3 − 1

16k6
2λ

−5
)

S2 = Sign[Re(λ − k2)], |λ| � |k2|.

The series for the exponential with large |λ| is

ez′(γ1−γ2) ≈ 1 + a1Sλ−1 + a2λ
−2 + a3Sλ−3 + a4λ

−4 + a5Sλ−5
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where

a1 =
z′(k2

2 − k2
1)

2

a2 =
z′2(k2

2 − k2
1)

2

8

a3 =
z′

8

[

k4
2 − k4

1 +
z′2(k2

2 − k2
1)

3

6

]

a4 =
z′2

16

[

(k2
2 − k2

1)(k
4
2 − k4

1) +
z′2(k2

2 − k2
1)

4

24

]

a5 =
z′

16

[

k6
2 − k6

1 +
z′2(k2

2 − k2
1)

2(k4
2 − k4

1)

4
+

z′4(k2
2 − k2

1)
5

240

]

and

S =

{
1 if Re(λ) > Re(k1)

−1 if Re(λ) < Re(k2).

It is assumed here that Re(k2) < Re(k1). When Re(k2) < Re(λ) < Re(k1) the terms in
V ′

12 do not cancel. This is not a problem, since the integration contour used for numerical
evaluation goes between the branch cuts to large |λ| only when R is large, in which case
singularity subtraction is not done. Using the series expansions for large |λ| the difference
terms are

T1 ≈ a1Sλ−1 + a2λ
−2 + a3Sλ−3 + a4λ

−4 + a5Sλ−5

T2 ≈ S(a1 + b1λ
−1 + b2λ

−2 + b3λ
−3 + b4λ

−4 + b5λ
−5)

T3 ≈ S(a1 + c1λ
−1 + c2λ

−2 + c3λ
−3 + c4λ

−4 + c5λ
−5)

where
b1 = 1

2(k2
1 − k2

2) + a2

b2 = a3 − 1
2a1k

2
2

b3 = 1
8(k4

1 − k4
2) − 1

2a2k
2
2 + a4

b4 = a5 − 1
2k2

2(
1
4a1k

2
2 + a3)

b5 = 1
16(k6

1 − k6
2) − 1

2k2
2(

1
4a2k

2
2 + a4)

and
c1 = 1

2(k2
2 − k2

1) + a2

c2 = a3 − 1
2a1k

2
1

c3 = 1
8(k4

2 − k4
1) − 1

2a2k
2
1 + a4

c4 = a5 − 1
2k2

1(
1
4a1k

2
1 + a3)

c5 = 1
16(k6

2 − k6
1) − 1

2k2
1(

1
4a2k

2
1 + a4).

The equations (H-1) retain R−1 singularities from the derivatives of V ′
12 and from U12.

These singularities can be evaluated and subtracted, although this was not done within the
integrand. To get the singular terms, the difference factors are approximated by their leading
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terms for large λ and small z′, with Re(λ) > Re(k1), as

T1 ≈ 1
2z′(k2

2 − k2
1)λ

−1

T2 ≈ 1
2z′(k2

2 − k2
1) + 1

2(k2
1 − k2

2)λ
−1

T3 ≈ 1
2z′(k2

2 − k2
1) + 1

2(k2
2 − k2

1)λ
−1

The λ−1 terms must be included in T2 and T3 when they are not multiplied by z′. The
integrals (H-3) and (H-4) for |k1R| � 1 then become

V ′
12 ≈ 2

∫ ∞

0

[
z′(k2

2 − k2
1)

2(k2
2 + k2

1)
λ−1 − k2

2(k
2
2 − k2

1)

2(k2
2 + k2

1)
2
λ−2

]

e−γ2(z−z′)J0(λρ) dλ.

∂

∂z′
V ′

12 ≈ 2

∫ ∞

0

[
z′(k2

2 − k2
1)

2(k2
2 + k2

1)
λ−1 +

k2
1(k

2
2 − k2

1)

2(k2
2 + k2

1)
2
λ−2

]

e−γ2(z−z′)J0(λρ) dλ

The R−1 components of the E′ terms in (H-1) can then be evaluated using the integrals
from [1] ∫ ∞

0
e−λ(z−z′)J0(λρ) dλ =

1

R
∫ ∞

0
e−λ(z−z′)J0(λρ)λ dλ =

sin θ

R2
∫ ∞

0
e−λ(z−z′)J ′

0(λρ) dλ =
sin θ − 1

R cos θ
∫ ∞

0
e−λ(z−z′)J ′

0(λρ)λ dλ =
− cos θ

R2

where R = [ρ2 + (z − z′)2]1/2 and sin θ = (z − z′)/R. The results, for k2R � 1 are

E′V
ρ12 ≈ S′V

ρ12 =
−jωµ0

4π

[

C2
1 − sin θ

cos θ
− C1

z′ cos θ

R

]
e−jk2R

R

E′V
z12 ≈ S′V

z12 =
−jωµ0

4π

[

C2 − C1
z′ sin θ

R

]
e−jk2R

R

E′H
ρ12 ≈ S′H

ρ12 =
−jωµ0

4π

[

C2

(
1 − sin θ

cos2 θ
− 1

)

+ C1
z′

R

(
sin θ(1 + cos2 θ) − 1

cos2 θ

)

+ 1

]
e−jk2R

R

E′H
φ12 ≈ S′H

φ12 =
jωµ0

4π

[

−C2
1 − sin θ

cos2 θ
+ C1

z′(1 − sin θ)

R cos2 θ
+ 1

]
e−jk2R

R

E′H
z12 ≈ S′H

z12 =
jωµ0

4π

[
k2
1C2

k2
2

(1 − sin θ)

cos θ
+ C1

z′ cos θ

R

]
e−jk2R

R

where

C1 =
k2
1 − k2

2

k2
1 + k2

2

, C2 = k2
2

k2
1 − k2

2

(k2
1 + k2

2)
2
.
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Terms of 1/R have been added to S′H
ρ12 and S′H

φ12 to cancel the singularity of U12. Although

the factor e−jk2R does not result from the integrals, it is included since it is contained in
other field components. Subtracting these terms from the E′ terms leaves the remainder

E′′V
ρ12 = EV

ρ12 − SV
ρ12 − S′V

ρ12

E′′V
z12 = EV

z12 − SV
z12 − S′V

z12

E′′H
ρ12 = EH

ρ12 − SH
ρ12 − S′H

ρ12

E′′H
φ12 = EH

φ12 − SH
φ12 − S′H

φ12

E′′H
z12 = EH

z12 − SH
z12 − S′H

z12

The E′′ quantities are finite at R = 0, so the origin can be included in an interpolation table.
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APPENDIX I

Numerical Solution for Saddle Points
in the Sommerfeld Integrals

For asymptotic evaluation, the Sommerfeld
integrals are written in the form

U =

∫ ∞

−∞
G(λ)e−F (λ) dλ

where G is a slowly varying function of λ, rela-
tive to the exponential. With the coordinates as
shown in Fig. I-1, the function F (λ) is

F (λ) = (λ2 − k2
2)

1/2z − (λ2 − k2
1)

1/2z′ + jλρ

and is the same for all components of the field.
The saddle points λs, needed in the steepest de-
scent evaluation, are solutions of the equation

F ′(λs) = λs(λ
2
s − k2

2)
−1/2z − λs(λ

2
s − k2

1)
−1/2z′ + jρ = 0. (I-1)

Fig. I-1 Coordinates for evaluating the
saddle point.

When z = 0 or z′ = 0, (I-1) can easily be solved for λs. For general values of ρ, z
and z′ the value of λs can be found by solving a quartic equation in λ2

s, but a numerical
solution is usually more practical. The numerical procedure is complicated by the existence
of multiple solutions that can mislead the solution algorithm. An additional problem with
(I-1) is that in the limits as z or z′ approach zero the saddle points should approach k2 or k1,
respectively, with the steepest-descent paths becoming branch-cut integrals. However terms
in (I-1) become indeterminate in these limits. Hence (I-1) was multiplied by the denominator
terms to yield

f(λs) = λs(λ
2
s − k2

1)
1/2z − λs(λ

2
s − k2

2)
1/2z′ + j(λ2

s − k2
1)

1/2(λ2
s − k2

2)
1/2ρ = 0 (I-2)

This equation is then solved by Newton’s method. Using the derivative

f ′(λ) =
2λ2 − k2

1

(λ2 − k2
1)

1/2
z − 2λ2 − k2

2

(λ2 − k2
2)

1/2
z′ +

jρλ(2λ2 − k2
1 − k2

2)

(λ2 − k2
1)

1/2(λ2 − k2
2)

1/2

the iteration equation is

λi+1 = λi − f(λi)/f
′(λi) = λi − D(λi) (I-3)

where

D(λ) =
λ(λ2 − k2

1)(λ
2 − k2

2)
1/2z − λ(λ2 − k2

2)(λ
2 − k2

1)
1/2z′ + jρ(λ2 − k2

1)(λ
2 − k2

2)

(2λ2 − k2
1)(λ

2 − k2
2)

1/2z − (2λ2 − k2
2)(λ

2 − k2
1)

1/2z′ + jρλ(2λ2 − k2
1 − k2

2)
.

(I-4)
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Since (I-2) can be scaled by a constant, the solution depends on only two distance
parameters. The normalized parameters

z̃ = z/(z − z′)

ρ̃ = ρ
/√

ρ2 + (z − z′)2 = sin θ

will be used, since they can independently range from 0 to 1.

Solutions for λs for a typical case are shown in Fig. 5-6. On the principal Riemann sheet
there is a saddle point between λ = 0 and k2, and a second SDP through a saddle point
between k2 and k1 may be needed. When z′ = 0, a saddle point lies on the line between 0
and k2 at λs = k2 sin θ, with a possible branch-cut integral from k1. When z = 0, a saddle
point is at λs = k1 sin θ, and the branch cut integral from k2 may contribute. When z is
small, but not zero, the saddle point near the line from 0 to k1 passes onto the lower sheet
at the branch cut from k2, and a saddle point near k2 moves onto the principal sheet and
approaches the branch point as ρ̃ increases. This detail near k2 is not shown on the plot.

Since the asymptotic approximations used here do not uniformly include the two branch
points and a pole that occur in the Sommerfeld integrals, there is some arbitrariness in the
choice of saddle points. Equation (I-2) is solved only for the saddle point between 0 and k2 in
NEC, since this solution represents the wave traveling mostly through air. The saddle point
between k2 and k1 represents a wave traveling mainly through the ground (the lateral wave
for z, z′ ≥ 0). When this wave is considered important, the approximation λs ≈ k1 sin θ is
used.

To obtain a reliable solution for λs between 0 and k2, a table is first generated for the
given ground parameters. For a particular value of z̃, the solution is started at ρ̃ = 0 where
λs = 0. The parameter ρ̃ is then incre-
mented and the iteration in (I-3) is started
with the previous λs to find the new solu-
tion. This process is continued until ρ̃ = 1,
and then repeated for a new z̃. A plot from
a typical table of λs versus ρ̃ and z̃ is shown
in Fig. I-2. For particular values of ρ, z and
z′, an estimate of λs is obtained by interpo-
lating in the table for ρ̃ and z̃. Iteration of
(I-3) is then used to improve the accuracy.
If the iteration results in Re(λs) > Re (k2)
then λs is set to k2.

Fig. I-2 Loci of saddle points between λ = 0
and k2, from the table generated for starting the
iterative solution. The complex relative permit-
tivity of the ground was 10 − j20.
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APPENDIX J

Second Order Asymptotic Approximations
for the Field Due to Ground

In the first section of this Appendix, second-order asymptotic approximations, from the
saddle-point method, are developed for the field transmitted across the air-earth interface.
Corrections to these terms to obtain a uniform approximation valid for source and receiver
approaching the interface are included in Section 5.2.4. These approximations for general
source and receiver coordinates fail as the radial separation ρ becomes small. A uniform
asymptotic expansion including ρ = 0 is not attempted here. First-order approximations are
used for small ρ, and higher-order terms are obtained by interpolation when possible. This
interpolation of higher-order terms is described in the second section of this Appendix.

J.1 Second-Order Approximation for the Saddle Point Contribution

For an integral of the form

I =

∫ ∞

−∞
G(λ)e−F (λ) dλ

a second-order asymptotic approximation with a saddle point λs, where F ′(λs) = 0 and
F ′′(λs) �= 0, is from equations (6.2) and (5.20) in [1]

I ∼
(

2π

F2

)1/2

e−F0(Q0 + Q2) (J-1)

where
Q0 = G0

Q2 =
1

24F 3
2

[
G0(5F

2
3 − 3F2F4) − 12G1F2F3 + 12G2F

2
2

]

and the notation

Fn =
dn

dλn
F (λ)

∣
∣
∣
∣
λ=λs

and Gn =
dn

dλn
G(λ)

∣
∣
∣
∣
λ=λs

has been used. The square root in (J-1) is chosen so that the argument of F−1/2 is equal
to the argument of dλ on the steepest descent path. The term Q0 represents the first-order
approximation, and Q2 is the next higher order term. A term Q1 is included for an integral
from a limit, but is not present for an integral through a saddle point.

In the integrals for the field components due to ground, F is the same for each component
while the function G varies. Hence (J-1) will be written in the form

I ∼
√

2πe−F0

[(
1

F
1/2
2

+
5F 2

3 − 3F2F4

24F
7/2
2

)

G0 −
1

2

F3

F
5/2
2

G1 +
1

2

1

F
3/2
2

G2

]

. (J-2)
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In the Sommerfeld integrals for a buried source at z′ (z′ < 0), field evaluation point at height
z (z ≥ 0) and radial separation ρ, as in Fig. 5-1, F and its derivatives are

F0 = Γ2z − Γ1z
′ + jλsρ

F1 = Γ−1
1 Γ−1

2 (λsΓ1z − λsΓ2z
′ + jΓ1Γ2ρ)

F2 = Γ−3
1 Γ−3

2 (−k2
2Γ

3
1z + k2

1Γ
3
2z

′)

F3 = 3λsΓ
−5
1 Γ−5

2 (k2
2Γ

5
1z − k2

1Γ
5
2z

′)

F4 = 3Γ−7
1 Γ−7

2

[
−k2

2(4λ
2
s + k2

2)Γ
7
1z + k2

1(4λ
2
s + k2

1)Γ
7
2z

′]

where Γ1 = (λ2
s − k2

1)
1/2 and Γ2 = (λ2

s − k2
2)

1/2 and λs is the solution of the equation

F ′(λs) = λs(λ
2
s − k2

2)
−1/2z − λs(λ

2
s − k2

1)
−1/2z′ + jρ = 0. (J-3)

The terms involving F in (J-2) are then

1

F
1/2
2

=
Γ

3/2
1 Γ

3/2
2

(−k2
2Γ

3
1z + k2

1Γ
3
2z

′)1/2

F 2
3

F
7/2
2

=
9λ2

sΓ
1/2
1 Γ

1/2
2 (k2

2Γ
5
1z − k2

1Γ
5
2z

′)2

(−k2
2Γ

3
1z + k2

1Γ
3
2z

′)7/2

F4

F
5/2
2

=
3Γ

1/2
1 Γ

1/2
2

[
−k2

2(4λ
2
s + k2

2)Γ
7
1z + k2

1(4λ
2
s + k2

1)Γ
7
2z

′]

(−k2
2Γ

3
1z + k2

1Γ
3
2z

′)5/2

F3

F
5/2
2

=
3λsΓ

5/2
1 Γ

5/2
2 (k2

2Γ
5
1z − k2

1Γ
5
2z

′)

(−k2
2Γ

3
1z + k2

1Γ
3
2z

′)5/2

1

F
3/2
2

=
Γ

9/2
1 Γ

9/2
2

(−k2
2Γ

3
1z + k2

1Γ
3
2z

′)3/2

Care is needed in evaluating these expressions to avoid division by zero. Although (J-3)
may have multiple solutions representing two ray paths crossing the interface, the second-
order approximation here will be used only for the saddle point between 0 and k2 and is not
valid for small ρ. Hence we need only be concerned with indeterminate forms resulting when
z goes to zero and simultaneously Γ2 goes to zero. To avoid division by zero, the ratio Γ2/z
will be evaluated as

Λ2 =
Γ2

z
=

λs

λsz′/Γ1 − jρ

obtained from (J-3). Then the terms involving F become

1

F
1/2
2

=
Γ

3/2
1 Λ

3/2
2 z

(−k2
2Γ

3
1 + k2

1Λ
3
2z

2z′)1/2
(J-4a)

F 2
3

F
7/2
2

=
9λ2

sΓ
1/2
1 Λ

1/2
2 (k2

2Γ
5
1 − k2

1z
4z′Λ5

2)
2

z(−k2
2Γ

3
1 + k2

1z
2z′Λ3

2)
7/2

(J-4b)
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F4

F
5/2
2

=
3Γ

1/2
1 Λ

1/2
2

[
−k2

2(4λ
2
s + k2

2)Γ
7
1 + k2

1(4λ
2
s + k2

1)Λ
7
2z

6z′
]

z(−k2
2Γ

3
1 + k2

1Λ
3
2z

2z′)5/2
(J-4c)

F3

F
5/2
2

=
3λsΓ

5/2
1 Λ

5/2
2 z(k2

2Γ
5
1 − k2

1Λ
5
2z

4z′)

(−k2
2Γ

3
1 + k2

1Λ
3
2z

2z′)5/2
(J-4d)

1

F
3/2
2

=
Γ

9/2
1 Λ

9/2
2 z3

(−k2
2Γ

3
1 + k2

1Λ
3
2z

2z′)3/2
(J-4e)

Equations (J-4b) and (J-4c) are still singular as z goes to zero, but the singular terms cancel
when combined in (J-2) to yield

5F 2
3 − 3F2F4

F
7/2
2

=
9Γ

5/2
1 Λ

5/2
2 z

(−k2
2Γ

3
1 + k2

1Λ
3
2z

2z′)7/2

{
k4
2Γ

8
1 + k4

1Λ
8
2z

6z′2

− k2
1k

2
2Γ1Λ2z

′[10λ2
sΓ

2
1Λ

2
2z

2 − Λ4
2z

4(4λ2
s + k2

1) − Γ4
1(4λ

2
s + k2

2)]
}

(J-5)

Equation (J-2) can then be written in a form that can be evaluated when z and Γ2 go to
zero, which is

I ∼
√

2πe−F0(f0g0 + f1g1 + f2g2) (J-6)

where g0 = G0, g1 = zG1, g2 = z3G2 and

f0 =
1

F
1/2
2

+
5F 2

3 − 3F2F4

24F
7/2
2

(J-7a)

f1 = −1

2

F3

zF
5/2
2

= −3λsΓ
5/2
1 Λ

5/2
2 (k2

2Γ
5
1 − k2

1Λ
5
2z

4z′)

2(−k2
2Γ

3
1 + k2

1Λ
3
2z

2z′)5/2
(J-7b)

f2 =
1

2

1

z3F
3/2
2

=
Γ

9/2
1 Λ

9/2
2

(−k2
2Γ

3
1 + k2

1Λ
3
2z

2z′)3/2
. (J-7c)

Equations (J-4a) and (J-5) are used in evaluating f0.

In approximating the integrals for field components, the two-term asymptotic expansion
for the Hankel function will be used

H
(2)
0 (z) ∼

√
2

πz

(

1 +
j

8z

)

e−jz+jπ/4

H
′(2)
0 (z) ∼

√
2

πz

(

1 − j
3

8z

)

e−jz−jπ/4

H
′′(2)
0 (z) ∼ −

√
2

πz

(

1 − j
7

8z

)

e−jz+jπ/4.

The asymptotic approximations for the field components are then obtained by substituting
the appropriate expressions for the function G and its derivatives into (J-6). For U12 the
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approximation is

U12 =

∫ ∞

−∞

λH
(2)
0 (λρ)

γ1 + γ2
eγ1z

′−γ2z dλ

≈ ejπ/4

√
2

πρ

∫ ∞

−∞

λ1/2 + j
8ρλ−1/2

γ1 + γ2
e−(γ2z−γ1z

′+jλρ) dλ

∼ ejπ/4 2√
ρ

(
f0g0 + f1g1 + f2g2

)
e−(Γ2z−Γ1z

′+jλsρ) (J-8)

so that

G(λ) =

(

λ1/2 +
j

8ρ
λ−1/2

)

DU (λ) and DU (λ) =
1

γ1 + γ2

with γ1 = (λ2 − k2
1)

1/2 and γ2 = (λ2 − k2
2)

1/2. The coefficients in (J-8) are then

g0 = G0 =

(

λ
1/2
s +

j

8ρ
λ
−1/2
s

)

dU

g1 = zG1 =
z

2

(

λ
−1/2
s − j

8ρ
λ
−3/2
s

)

dU +

(

λ
1/2
s +

j

8ρ
λ
−1/2
s

)

d′U

g2 = z3G2 = − z3

4

(

λ
−3/2
s − 3j

8ρ
λ
−5/2
s

)

dU + z2

(

λ
−1/2
s − j

8ρ
λ
−3/2
s

)

d′U

+

(

λ
1/2
s +

j

8ρ
λ
−1/2
s

)

d′′U

where

dU = DU (λs) =
1

Γ1 + zΛ2

d′U = zD′
U (λs) =

−λs

Γ1Λ2(Γ1 + zΛ2)

d′′U = z3D′′
U (λs) =

k2
1Γ

−3
1 z3 + k2

2Λ
−3
2

(Γ1 + zΛ2)2
+

2zλ2
s

Γ2
1Λ

2
2(Γ1 + zΛ2)

.

The approximations for the field components involve the derivatives of V12 and where
necessary the term U12. The derivatives of the denominator of V12, DV (λ) will be represented
as

dV = DV (λs) =
1

k2
1zΛ2 + k2

2Γ1

d′V = zD′
V (λs) =

−λs(k
2
1Λ

−1
2 + k2

2zΓ−1
1 )

(k2
1zΛ2 + k2

2Γ1)2

d′′V = z3D′′
V (λs) =

k2
1k

2
2(z

3Γ−3
1 + Λ−3

2 )

(k2
1zΛ2 + k2

2Γ1)2
+

2λ2
sz(k2

1Λ
−1
2 + k2

2zΓ−1
1 )2

(k2
1zΛ2 + k2

2Γ1)3
.
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For field component EV
ρ

EV
ρ =

−jωµ0

4π

∂2V12

∂ρ∂z

=
jωµ0

4π

∫ ∞

−∞

λ2γ2H
′(2)
0 (λρ)

k2
1γ2 + k2

2γ1
eγ1z

′−γ2z dλ

≈ ωµ0

4π
ejπ/4

√
2

πρ

∫ ∞

−∞

γ2(λ
3/2 − j 3

8ρλ1/2)

k2
1γ2 + k2

2γ1
e−(γ2z−γ1z

′+jλρ) dλ

∼ ωµ0

4π
ejπ/4 2√

ρ

(
f0g0 + f1g1 + f2g2

)
e−(Γ2z−Γ1z

′+jλsρ) (J-9)

where

g0 = G0 =zΛ2

(

λ
3/2
s − 3j

8ρ
λ

1/2
s

)

dV

g1 = zG1 =Λ−1
2

(

λ
5/2
s − 3j

8ρ
λ

3/2
s

)

dV +
3z2

2
Λ2

(

λ
1/2
s − j

8ρ
λ
−1/2
s

)

dV

+ zΛ2

(

λ
3/2
s − 3j

8ρ
λ

1/2
s

)

d′V

g2 = z3G2 = − Λ−3
2

(

λ
7/2
s − 3j

8ρ
λ

5/2
s

)

dV

+ Λ−1
2

[

z2

(

4λ
3/2
s − 3j

4ρ
λ

1/2
s

)

dV + z

(

2λ
5/2
s − 3j

4ρ
λ

3/2
s

)

d′V

]

+ zΛ2

[
3z3

4

(

λ
−1/2
s +

j

8ρ
λ
−3/2
s

)

dV + 3z2

(

λ
1/2
s − j

8ρ
λ
−1/2
s

)

d′V

+

(

λ
3/2
s − 3j

8ρ
λ

1/2
s

)

d′′V

]

.

For field component EV
z

EV
z =

−jωµ0

4π

(
∂2

∂z2
+ k2

2

)

V12

=
−jωµ0

4π

∫ ∞

−∞

λ3H
(2)
0 (λρ)

k2
1γ2 + k2

2γ1
eγ1z

′−γ2z dλ

≈ ωµ0

4π
e−jπ/4

√
2

πρ

∫ ∞

−∞

λ5/2 + j
8ρλ3/2

k2
1γ2 + k2

2γ1
e−(γ2z−γ1z

′+jλρ) dλ

∼ ωµ0

4π
e−jπ/4 2√

ρ

(
f0g0 + f1g1 + f2g2

)
e−(Γ2z−Γ1z

′+jλsρ) (J-10)
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where

g0 = G0 =

(

λ
5/2
s +

j

8ρ
λ

3/2
s

)

dV

g1 = zG1 =z

(
5

2
λ

3/2
s +

3j

16ρ
λ

1/2
s

)

dV +

(

λ
5/2
s +

j

8ρ
λ

3/2
s

)

d′V

g2 = z3G2 =
3z3

4

(

5λ
1/2
s +

j

8ρ
λ
−1/2
s

)

dV + z2

(

5λ
3/2
s +

3j

8ρ
λ

1/2
s

)

d′V

+

(

λ
5/2
s +

j

8ρ
λ

3/2
s

)

d′′V .

For field component EH
ρ

EH
ρ =

−jωµ0

4π

(
∂2V12

∂ρ2
+ U12

)

=
−jωµ0

4π

[∫ ∞

−∞

λ3H
′′(2)
0 (λρ)

k2
1γ2 + k2

2γ1
eγ1z

′−γ2z dλ + U12

]

≈ jωµ0

4π

[

ejπ/4

√
2

πρ

∫ ∞

−∞

λ5/2 − 7j
8ρλ3/2

k2
1γ2 + k2

2γ1
e−(γ2z−γ1z

′+jλρ) dλ − U12

]

∼ jωµ0

4π

[

ejπ/4 2√
ρ

(
f0g0 + f1g1 + f2g2

)
e−(Γ2z−Γ1z

′+jλsρ) − U12

]

(J-11)

where

g0 = G0 =
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λ
5/2
s − 7j

8ρ
λ

3/2
s

)

dV

g1 = zG1 =z

(
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2
λ

3/2
s − 21j

16ρ
λ

1/2
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)

dV +

(

λ
5/2
s − 7j

8ρ
λ
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s

)

d′V

g2 = z3G2 =
3z3

4

(

5λ
1/2
s − 7j

8ρ
λ
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s

)

dV + z2

(

5λ
3/2
s − 21j

8ρ
λ

1/2
s

)

d′V

+

(

λ
5/2
s − 7j

8ρ
λ

3/2
s

)

d′′V .

For field component EH
φ

EH
φ =

jωµ0

4π

(
1

ρ

∂V12

∂ρ
+ U12

)

=
jωµ0

4π

[
1

ρ

∫ ∞

−∞

λ2H
′(2)
0 (λρ)

k2
1γ2 + k2

2γ1
eγ1z

′−γ2z dλ + U12

]

≈ jωµ0

4π

[
e−jπ/4

ρ

√
2

πρ

∫ ∞

−∞

λ3/2 − 3j
8ρλ1/2

k2
1γ2 + k2

2γ1
e−(γ2z−γ1z

′+jλρ) dλ + U12

]
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∼ jωµ0

4π

[
e−jπ/4

ρ

2√
ρ

(
f0g0 + f1g1 + f2g2

)
e−(Γ2z−Γ1z

′+jλsρ) + U12

]

(J-12)

where

g0 = G0 =
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3/2
s − 3j

8ρ
λ

1/2
s

)

dV

g1 = zG1 =
3z

2

(

λ
1/2
s − j

8ρ
λ
−1/2
s

)

dV +

(

λ
3/2
s − 3j

8ρ
λ

1/2
s

)

d′V

g2 = z3G2 =
3z3

4

(

λ
−1/2
s +

j

8ρ
λ
−3/2
s

)

dV + 3z2

(

λ
1/2
s − j

8ρ
λ
−1/2
s

)

d′V

+

(

λ
3/2
s − 3j

8ρ
λ

1/2
s

)

d′′V .

For field component EH
z

EH
z =

jωµ0

4π

∂2V12

∂ρ∂z′

=
jωµ0

4π

∫ ∞

−∞

λ2γ1H
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k2
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2γ1
eγ1z
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√
2

πρ

∫ ∞

−∞
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k2
1γ2 + k2

2γ1
e−(γ2z−γ1z

′+jλρ) dλ

∼ ωµ0

4π
ejπ/4 2√

ρ

(
f0g0 + f1g1 + f2g2

)
e−(Γ2z−Γ1z

′+jλsρ) (J-13)

where
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z
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(
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(
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(
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(
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J.2 Approximations for Near Vertical Incidence

The approximations developed in the previous section fail when ρ becomes small rel-
ative to |z − z′|. One reason for this limitation is the use of the large argument forms for
Hankel functions with an argument involving ρ. More fundamentally, when the propaga-
tion path is mainly in the lower medium, two rays (two saddle points) may merge when

θ = sin−1
(
ρ/

√
ρ2 + (z − z′)2

)
is near the totally reflecting angle θc = sin−1(k2/k1). This

case is discussed in [2], and it is shown that the transmission or reflection coefficients can
no longer be treated as slowly varying relative to the exponential. A correct asymptotic
evaluation in this case shows that the reflected ray in the lower medium develops a lateral
shift as it merges with the lateral wave, and a caustic occurs in the field near θc.

A higher-order uniform asymptotic approximation for small ρ has not been attempted
here. Rather, the first-order asymptotic forms are used, since these remain valid for small
ρ. The first-order approximations can also be derived through geometrical optics, without
restrictions on ρ. However, they converge much more slowly to the correct result, with
increasing separation of source and receiver, when θ is near θc and z is much less than
|z− z′|. When the accuracy is limited by the approximation of the Hankel function for small
ρ, higher-order terms are obtained here by interpolation between ρ = 0 and a limiting value
greater than tan θc|z − z′| and added to the first-order result. A higher-order approximation
for the field at ρ = 0 is developed below for use in this interpolation.

Expressions for ρ = 0 can be obtained by letting ρ go to zero in the Bessel function
form of the Sommerfeld integrals. For the terms involving V12 the results are

∂2

∂ρ∂z
V12(0, z, z′) = − 2 lim

ρ→0

∫ ∞

0

γ2λ
2eγ1z

′−γ2z

k2
1γ2 + k2

2γ1
J ′

0(λρ) dλ = 0

(
∂2

∂z2
+ k2

2

)

V12(0, z, z′) =2 lim
ρ→0

∫ ∞

0

λ3eγ1z
′−γ2z

k2
1γ2 + k2

2γ1
J0(λρ) dλ = 2IV

∂2

∂ρ2
V12(0, z, z′) =2 lim

ρ→0

∫ ∞

0

λ3eγ1z
′−γ2z

k2
1γ2 + k2

2γ1
J ′′

0 (λρ) dλ = −IV

1

ρ

∂

∂ρ
V12(0, z, z′) = lim

ρ→0

2

ρ

∫ ∞

0

λ2eγ1z
′−γ2z

k2
1γ2 + k2

2γ1
J ′

0(λρ) dλ = −IV

∂2

∂ρ∂z′
V12(0, z, z′) =2 lim

ρ→0

∫ ∞

0

γ1λ
2eγ1z

′−γ2z

k2
1γ2 + k2

2γ1
J ′

0(λρ) dλ = 0

where

IV =

∫ ∞

0

λ3

k2
1γ2 + k2

2γ1
e−(γ2z−γ1z

′) dλ. (J-14)

An asymptotic expansion for the integral IV can be obtained by applying Eq. (5.21)
from [1], for an integral from a limit at which F has a quadratic dependence on the integrand.
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Including the first three terms, this result is
∫

0
e−F uσG du ∼ 1

2(1
2σ − 1

2)! (2/F2)
(σ+1)/2e−F0 [Q

(σ)
0 + Q

(σ)
1 + Q

(σ)
2 ] (J-15)

where

Q
(σ)
0 =G0

Q
(σ)
1 = − (1

2σ)!

3
√

2(1
2σ − 1

2)! F
3/2
2

[(σ + 2)G0F3 − 6G1F2]

Q
(σ)
2 =

σ + 1

72F 3
2

{
(σ + 3)G0[(σ + 5)F 2

3 − 3F2F4] − 12(σ + 3)G1F2F3 + 36G2F
2
2

}
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Fn =
dn

dλn
F (λ)

∣
∣
∣
∣
λ=0

and Gn =
dn

dλn
G(λ)

∣
∣
∣
∣
λ=0

.

For IV from (J-14),
F0 =jk2z − jk1z

′

F1 =0

F2 = − jk−1
2 z + jk−1

1 z′

F3 =0

F4 = − 3jk−3
2 z + 3jk−3

1 z′

and

GV 0 =
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k2
1γ2 + k2

2γ1

∣
∣
∣
∣
λ=0

=
−j

k1k2(k1 + k2)

GV 1 =
−λ(k2

1γ
−1
2 + k2

2γ
−1
1 )

(k2
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2γ1)2

∣
∣
∣
∣
λ=0

= 0

GV 2 =
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k2
1k

2
2(γ

−3
1 + γ−3

2 )

(k2
1γ2 + k2

2γ1)2
+

2λ2(k2
1γ

−1
2 + k2

2γ
−1
1 )

(k2
1γ2 + k2

2γ1)3

]

λ=0

=
−j(k−3

1 + k−3
2 )

(k1 + k2)2
.

Then (J-15) with σ = 3 yields

IV ∼ ÎV =
2

F 2
2

e−F0

[

GV 0 +
1

F 2
2

(2GV 2F2 − GV 0F4)

]

. (J-16)

Similarly, U12 with ρ = 0 is

U12(0, z, z′) = 2

∫ ∞

0

λ

γ1 + γ2
e−(γ2z−γ1z

′) dλ

so that

GU0 =
2

γ1 + γ2

∣
∣
∣
∣
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=
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∣
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+
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.
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Eq. (J-21) with σ = 1 then yields

U12 ∼ Û12 =
1

F2
e−F0

[

GU0 +
1

F 2
2

(GU2F2 − 1
3GU0F4)

]

(J-17)

The approximations for the field components for ρ = 0 are then

EV
ρ (0, z, z′) =0 (J-18a)

EV
z (0, z, z′) ∼−jωµ0

4π
2ÎV (J-18b)

EH
ρ (0, z, z′) ∼−jωµ0

4π
(−ÎV + Û12) (J-18c)

EH
φ (0, z, z′) ∼jωµ0

4π
(−ÎV + Û12) (J-18d)

EH
z (0, z, z′) =0 (J-18e)

with ÎV and Û12 given by (J-16) and (J-17).

The differences between the field approximations in (J-18) and the first-order approxi-
mations for general ρ, from (5-23), are needed for the interpolated correction of the first-order
asymptotic terms. For the general asymptotic approximation, the saddle point λs for small
ρ is from (J-3)

λs

ρ
= −j

(
z

Γ2
− z′

Γ1

)−1

≈
(

z

k2
− z′

k1

)−1

.

The first-order approximations for the components of the field for small ρ are then

∂2

∂ρ∂z
V12(ρ, z, z′) ∼ −2ρ

k1(k1 + k2)

e−j(k2z−k1z
′)

(z/k2 − z′/k1)
2

(
∂2

∂z2
+ k2

2

)

V12(ρ, z, z′) ∼ 2ρ2

k1k2(k1 + k2)

e−j(k2z−k1z
′)

(z/k2 − z′/k1)
3

∂2

∂ρ2
V12(ρ, z, z′) ∼ −2ρ2

k1k2(k1 + k2)

e−j(k2z−k1z
′)

(z/k2 − z′/k1)
3

1

ρ

∂

∂ρ
V12(ρ, z, z′) ∼ −2j

k1k2(k1 + k2)

e−j(k2z−k1z
′)

(z/k2 − z′/k1)
2

∂2

∂ρ∂z′
V12(ρ, z, z′) ∼ 2ρ

k2(k1 + k2)

e−j(k2z−k1z
′)

(z/k2 − z′/k1)
2

U12(ρ, z, z′) ∼ 2

k1 + k2

e−j(k2z−k1z
′)

(z/k2 − z′/k1)
.

Hence for ρ = 0 the only nonzero terms are 1
ρ

∂
∂ρV12 and U12. Subtracting these from (J-18),

the higher-order terms for ρ = 0 are

E′V
ρ (0, z, z′) =0 (J-19a)
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E′V
z (0, z, z′) ∼−jωµ0

4π
2ÎV (J-19b)

E′H
ρ (0, z, z′) ∼−jωµ0

4π
(−ÎV + Û ′

12) (J-19c)

E′H
φ (0, z, z′) ∼jωµ0

4π

(

−ÎV + Û ′
12 +

2j

k1k2(k1 + k2)

e−j(k2z−k1z
′)

(z/k2 − z′/k1)
2

)

(J-19d)

E′H
z (0, z, z′) =0 (J-19e)

where

Û ′
12 = Û12 −

2

k1 + k2

e−j(k2z−k1z
′)

(z/k2 − z′/k1)
.

For ρ less than a limit ρx = |z− z′| tan θA, where tan θA is currently set at 0.2, the first-
order asymptotic expressions (5-23) are evaluated for the coordinates (ρ, z, z′). Higher-order
terms are then evaluated for ρ = 0, using (J-19), and for ρ = ρx by subtracting the first-order
approximations of (5-23) from the second-order approximations (J-9) through (J-13). These
higher-order terms are interpolated to (ρ, z, z′) and added to the first-order result. The
exponential factor is omitted from the higher-order terms used in the interpolation, and the
correct exponential for coordinates (ρ, z, z′) is included in the final result. Since EV

ρ and

EH
z are odd functions of ρ the second-order terms are interpolated using the formula The

field components EV
z , EH

ρ and EH
φ are even functions of ρ, so their higher-order terms are

interpolated as

f̂(ρ) =
1

ρ2
x

[
ρ2f(ρx) − (ρ + ρx)(ρ − ρx)f(0)

]
.

When the propagation path is largely in the lower medium (z/|z − z′| � 1) the two
rays, from the saddle point between 0 and k2 and the saddle point between k2 and k1, merge
when θ = tan−1(ρ/|z − z′|) is near the totally reflecting, or critical angle θc = sin−1(k2/k1).
In this region,the asymptotic approximations based on isolated saddle points converge much
more slowly than normal as the separation of source and receiver are increased. The second-
order terms tend to blow up in this region until the distance becomes very large, so only the
first-order approximation is used.
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